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Representations of reductive groups
over finite fields

By P. DELIGNE and G. LUSZTIG

Introduction

Let us consider a connected, reductive algebraic group G, defined over a
finite field F,, with Frobenius map F. We shall be concerned with the
representation theory of the finite group G, over fields of characteristic 0.

In 1968, Macdonald conjectured, on the basis of the character tables
known at the time (GL,, Sp,), that there should be a well defined correspond-
ence which, to any F-stable maximal torus T of G and a character ¢ of T”
in general position, associates an irreducible representation of G*; moreover,
if T'modulo the centre of G is anisotropic over F,, the corresponding repres-
entation of G* should be cuspidal (see Seminar on algebraic groups and
related finite groups, by A. Borel et al., Lecture Notes in Mathematics, 131,
pp. 117 and 101). In this paper we prove Macdonald’s conjecture. More
precisely, for T as above and 6 an arbitrary character of T" we construct
virtual representations R which have all the required properties.

These are defined in Chapter 1 as the alternating sum of the cohomology
with compact support of the variety of Borel subgroups of G which are in a
fixed relative position with their F-transform, with coefficients in certain
GF-equivariant locally constant l-adic sheaves of rank one. This generalizes
a construction made by Drinfeld for SL, (see Ch. 2).

In Chapter 4 we prove a character formula for Rf, based on the fixed
point formula of Chapter 3. This character formula is in terms of certain
“Green functions” on the unipotent elements; in Chapters 6, 7, 8 we prove
that these Green functions satisfy all the axioms predicted by Springer,
Kilmoyer and Macdonald ([9], [12]).

By 6.8, = R7 is irreducible if 6 is in general position and the vanishing
theorem (9.9) gives an explicit model for it provided that ¢ is not too small
(if G is a classical group or G, any ¢ will do; in the general case ¢ = 30 is
sufficient).

In Chapter 10 we study the irreducible components of the Gelfand-Graev
representation of G, assuming that the centre of Gis connected. The proof
uses the results of Chapter 5 together with the disjointness theorem (6.2).
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Finally, in Chapter 11 we discuss the case of the Suzuki and Ree groups.
It would be very desirable to find formulas for the Green functions more
explicit than (4.1.2). Such formulas are known for GL, (Green [4]), Sp,
(Srinivasan [13]) and G, (Chang, Ree [2]). Very recently, Kazhdan has proved,
using results of Springer, that the Green functions can be expressed as
exponential sums on the Lie algebra (see [12]) provided that the characteristic
is good and ¢ is not too small.

Some of the results in this paper were announced in [7], [8].

The second author would like to thank the I.LH.E.S. for its hospitality
during part of the time of preparation of this paper.
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Conventions and standard notations

0.1. In this paper, k is always an algebraically closed field and p is its
characteristic exponent. The following assumptions and definitions will be
in force in Chapters 4 to 8, in Chapter 10, and in parts of Chapters 1 and 9.

(0.1.1) p is a prime, and % is an algebraic closure of the prime field F,
of characteristic p. For q a power of p, F, is the subfield with ¢ elements of
k. G1is a reductive algebraic group over %, obtained by extension of scalars
from G, over F,. We denote by F the corresponding Frobenius endomor-
phism F: G— G (as well as the Frobenius endomorphism of any k-scheme
defined over F,).

0.2. [ is a prime different from p, and Q, is an algebraic closure of the
{-adic field. When there is no ambiguity on I, we will write simply H}X)
(resp. HY(X)) for H(X, Q) (resp. H(X, Q,)) (l-adic cohomology of X, a
scheme over k). The groups Z/I"(1) are the groups f;.(k) of I*-roots of unity
in k; they form a projective system, with transition maps x — «'"™™; the
projective limit is Z,(1). One defines Z,(n) = Z,(1)®", and Z,(—n) = the dual
of Z,(n). The symbol (n) is for a Tate twist: tensoring with Z,(n). We will
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make an accidental use of the similarly defined group 2,,,(1) = lim,, 1 Ma(k)-

0.3. For H a finite group, R(H) is the Grothendieck grou(;)f the finite
dimensional representations of H over Q,. If fand f’ are class functions on
H, with values in a cyclotomic field (often < Q;), the inner product {f, >,
(or simply <f, ") is (1/| H|) 3_ f(x)f (x), where — is the automorphism in-
ducing { — {7 on the roots of unity. The same notation ¢, > will be used
for the inner product of elements of R(H) R Q, identified with their char-
acters.

0.4. The length function on a Coxeter group W (with canonical gener-
ators s, ---, s,) will be denoted by I( ). A reduced expression for we W is
a decomposition w = s,, -+ s;, with l(w) = k.

0.5. Miscellaneous:

pr;: ¢*® projection (as in pr;: X x X — X);
X7: the fixed point subscheme of the endomorphism T of the
scheme X (for instance: G* = G(F,));
p’ (in index): away from p (as in Z,,,, completion away from p) or the
subgroup of elements of order prime to p (as in (Q/Z),);
ad g: the inner automorphism x — gxg™, or maps deduced from
it;
1, or ¢: the identity element of a group;
Tr(f, V*), for f an endomorphism of a graded vector space, is

(=) Tre(f, V95
reductive: reductive groups are meant to be connected and smooth.
The Jordan decomposition of an element g € G (G as in (0.1.1)) is g = su where
s is a semisimple element and « is a unipotent element commuting with s.

0.6. We will often identify a scheme over k& with the set of its k-rational
points. This should cause no confusion.

1. Some basic definitions

1.1. Suppose that in some category we are given a family (X;),c; of
objects and a compatible system of isomorphisms @;;: X, -~ X;. This is as
good as giving a single object X, the “common value” or “projective limit” of
the family. This projective limit is provided with isomorphisms ¢,: X - X;
such that @;,0, = 0, We will use such a construction to define the maximal
torus T and the Weyl group W of a connected reductive algebraic group G
over k.

As index set I, we take the set of pairs (T, B) consisting of a maximal
torus T and a Borel subgroup B containing T. Forie I, = (T, B), we take
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T, =T, W, = N(T)/T. The isomorphism @;, is the isomorphism induced by
adg where g is any element of G conjugating ¢ into j; these elements g form
a single right T-coset, so that @;, is independent of the choice of g.

One similarly defines the root system of T, its set of simple roots, the
action of W on T and the fundamental reflections in W.

Let F: G—Gbe an isogeny. For any i€ I, i=(T, B), F(:)=(F(T), F(B)) is
again in I; F induces an isogeny F: T,— Tr;, and an isomorphism F: W,—W ,,.
The corresponding endomorphism (resp. automorphism) o¢7i;,Fo, of the torus
T (resp. of the Weyl groups W) is independent of the choice of 7; we say that
it is induced by F.

1.2. Let X (or X;) be the set of all Borel subgroups of G. The group G
acts on X by conjugation, and X is a smooth projective homogeneous space
of G. For each Borel subgroup B of GG, B is the stabilizer of the correspond-
ing point of X, hence there is a natural isomorphism G/B— X: g+ gBg™.

The set of orbits of Gin X X X can be identified with the Weyl group
W of G as follows: for any ¢ = (T, B) as in (1.1), use the composite bijection

w —L N(T)/ T —> B\G/Bze;g; G\(G/B x G/B) — G\X x X ;

this is independent of the choice of (T, B). We denote by O(w) the orbit
corresponding to we W; this is the orbit of (B, wBw™), where we N(T)
represents w. We shall say that two Borel subgroups B’, B” of G are in
relative position w, we W, if and only if (B’, B”)e O(w). In diagrams, we
will picture this by B’ Y, B".

The basic properties of Bruhat decomposition can be expressed as
follows:

(a) If w = w,w, with l(w) = l(w,) + l(w,) then

(a,) (B, B")e O(w,) and (B"”, B"")e O(w,) = (B', B"") € O(w);

(a,) if (B’, B"")e O(w), there is one and only one B” such that
(B, B")e O(w,) and (B", B"") € O(w,).

On the scheme level: O(w,) X y O(w,) —— O(w).

(b) Let s be an elementary reflection and let B be a Borel subgroup.

(b)) P = BUBsBisa (minimal parabolic) subgroup, i.e., if (B’, B") € O(s)
and (B", B'") € O(s), then either (B’, B"")e O(s) or B’ = B"".

(b,) The quotient L of L = P/U, (U, = unipotent radical of P) by its
centre is isomorphic to PGL(2). The space Xz is hence a projective line. The
inverse image map X; — X has as image the set of Borel subgroups B’ in
relative position ¢ or s with B.

(b;) Via either projection, O(s) = O(s) U O(¢e) = X x X is hence a fibre
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space over X, with fibre P,. It is provided with the section O(e); this reduces
its structural group from the projective to the affine group. The complement
O(s) of that section is a fibre space with fibre the affine line.

1.3. The assumptions (0.1.1) are in force in the rest of this chapter.
The scheme X is hence defined over F, and provided with a Frobenius map
F: X— X.

DEFINITION 1.4. For w in the Weyl group W of G, X(w)C X s the
locally closed subscheme of X comsisting of all Borel subgroups B of G such
that B and F(B) are in relative position w.

One can also regard X(w) as the intersection, in X X X, of O(w) with
the graph of Frobenius. It is easily checked that this intersection is trans-
verse. The orbit O(w) being smooth of dimension dim (X) + (w), it follows
that X(w) is smooth and purely of dimension I(w). The subscheme X(w) of
X is G7-stable. Hence, for each prime number I = p, G acts on the l-adic
cohomology with compact supports of X(w).

DEFINITION 1.5. R'(w) ts the virtual representation

(- H{X(w), @)
of G (an element of the Grothendieck group of representations of G* over
Q).

For w = ¢, X(w) is of dimension 0; it is the set of rational Borel sub-
groups, and R'(w) is induced by the unit representation of B”, where B is an
F-stable Borel subgroup.

It will follow from (3.3) that the character of R'(w) has integral values,
independent of . This will justify omitting ! from the notation; R'(w) could
be also regarded as a complex virtual representation of G*.

An element of the Weyl group W is said to be F-conjugate to w e W, if
it is of the form w,wF(w,)™, for some w,€ W. We denote by W% the set of
F-conjugacy classes in W. We shall recall in (1.14), that the G”-conjugacy
classes of F-stable (i.e., F,-rational) maximal tori in G are parametrized by
w.

THEOREM 1.6. R'(w) depends only on the F-conjugacy class of w.

Let w and w' be F-conjugate.

Case 1. w=w,w,, w' =w,F(w,) and l(w)= U(w,)+l(w,) = l(w,)+(F(w,)) =
I(w') (0.4). For Be X(w), there is a unique Borel subgroup B such that
(B, 0B) € O(w,) and (6B, FB) € O(w,); we have the diagram of relative posi-
tions:
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W1W2

B -~ F(B)
AN /" N\ Fwy)
wiN, W N
_—7.1)—2F(w1)—_) F(OB)

(the bottom one because Hw,F(w,)) = l(w,) + }(F(w,))), and 6Be X(w'). By
the same argument applied to w,F(w,) and F(w,)F(w,) = F(w), we get a map
7. X(w') — X(Fw). The diagram

X(w) —— X(w')
lr s
'/g(q)
X(Fw) — X(Fw'")
is commutative. The vertical maps induce equivalences of étale sites, hence
so do 7 and o [SGA 1, IX, 4.10]. The resulting isomorphism

HX(X(w')) — HX(X(w))
is G"-equivariant, whence (1.6) in this case.

Case 2. For some fundamental reflection s, we have w' = swF(s) and
l(w') = (w) + 2. For Be X(w'), we can find two Borel subgroups 7B, 0B
such that (B, YB) € O(s), (YB, dB) € O(w), (6B, FB) € O(F(s)); moreover, 7B
and 6B are uniquely determined by these requirements. We define a parti-
tion X(w') = X, U X, by

X, ={BeX(w')| 0B = F(YB)}, X, ={Be X(w') | 0B+ F(YB)} .

Note that X, is a closed subscheme of X(w’), while X, is an open one. We
have 7: X, — X(w) and, for B’ € X(w), v"(B’) is the set of all Borel subgroups
B such that (B, B') € O(s); hence Y"(B’') is an affine line over k, and X, is
(via 7) an affine line bundle over X(w). It follows that 7 induces an isomor-
phism
(1.6.1) H(X,)) — H X (w))(-1) , i=0.
If Be X,, we have

(0B, FB) € O(F(s)), (FB, F(vB))e O(F(s)), 6B = F(YB)
hence (9B, F(7B))e O(F(s)). Since

(F(vB), F(dB)) e O(F(w)), UF(sw)) = UF(s)) + UF(w)),
it follows that (6B, F(6B)) € O(F(sw)). Thus we have d: X, — X (F(sw)). Let
X, = {(B, B)e X, x X(sw) | F(B) = 6B} and let ¢’ X — X(sw) be defined by
8'(B, B) = B; we define also @: X — X, by #(B, B) = B. We have a cartesian
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diagram

X! —" s X(sw)

(1.6.2) 4 l F

X, -2 X(F(sw)) -
For any B e X(sw) we denote by eB the unique Borel subgroup such that
(B, eB)e O(s), (¢B, FB)e O(w). It is easy to see that 6'~(B) can be identified
with the set of Borel subgroups B such that (B, B) € O(s), B # ¢B; it follows
that 6’~'(B) is an affine line with a point removed. Thus X/ is (via ') a line
bundle over X(sw) with the zero-section removed. Since the vertical arrows

in (1.6.2) induce equivalences of étale sites, we have a canonical exact
sequence (see [5]):

9 . ) )
- — H7(X(sw)) — Hi(X,) — H(X(sw))(—1)
2 B{(X(sw)) —> - - .
It can be proved that the maps ¢ in (1.6.3) are zero; this fact will not be
used here.
Note that (1.6.1) and (1.6.3) are G"-equivariant and that G* acts trivially
on Q;(—1). It follows that for any ge G*:
tr(g*, HX(X,) = 0,
tr(g*, HX(X))) = tr(g*, H*(X(w)) .

If one uses the exact sequence

(1.6.3)

-+ — Hi (X)) — Hi(X,) — H{(X(w")) — H{(X) —> -+,
it follows that
tr(g*, HX(X(w")) = tr(g*, HX(X))) + tr(¢*, HX(X)))
= tr(g*, HXX(w)))

and 1.6 is proved in this case.

The general case. It suffices to treat the case where w’' = swF'(s) for a
fundamental reflection s. By permuting, if necessary, w and w’ (w:sw’F(s)),
we may even assume that l(w') = l(w). If l(w') > l(w) we are in case 2. If

l(w') = l(w), the following lemma shows that either we are in case 1 (with w
and w’ possibly interchanged) or that w = w’.

LEMMA 1.6.4. Let s, t be two fundamental reflections in W and let we W
be such that (w) = l(swt). Then either w = swt, or

W(sw) =l w) —1, or U wt)=Ilw)—1.
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Let w = s;5,--- s, be a reduced expression for w (0.4). Assume that
l(wt) = l(w) + 1; then wt = s,s, - - - s,t is also a reduced expression. We have
l(swt) = Y(wt) — 1. It follows (cf. Bourbaki, [1, Ch. IV, §1, Lemme 3]) that
either there exists j, 1 < j <k with ss, ---s;_, = s, --+ s;_,5; or we have
88 +++ 8, = 8 ++- 8. In the first case, we have w = ss, +++ 8;_,8;4, + -+ s, and
l(sw) = l(w) — 1; in the second case we have w = swt and the lemma is
proved.

1.7. Let us choose a maximal torus T* in G and a Borel subgroup B*c G
containing T*, with unipotent radical U*. The quotient £ = G/U* is a
T*-torsor (= right principal homogeneous space of T*) over X = G/B*. For
x € X, the fibre E(x) of the projection £ — X is

E@) ={geG|ge* =x}/U*,
where e* is the point of X corresponding to B*.

Let w e N(T*) define the element w in the Weyl group W via the isomor-
phism o(T*, B*): W RN N(T*)/T*. If x, ye X are in relative position w,
the ¢’s in G such that ge* = x and giwe* = y form a torsor A(zx, y) under
B*NwB*w=T*(U*NwU*Ww™"). For ge A(x, y), the class of g in E(y)
depends only on the class of g in E(x). This defines a map E(x) — E(y), which
we denote as right multiplication by . We have the formulas
1.7.1) (ut)yw = (ww)ad w™'(t) ,

1.7.2) w(wt) = (u)t .
We will express (1.7.1) by saying that -+ is a w-map of T*-torsors. It is
induced by a w-map of T*-torsors over O(w)

. prf K — pri¥ K .
Assume that w = ww, W = W, and that l(w) = l(w,) + l(w,); then for
z, ¥, z€ X with (z, ¥) € O(w,) and (y, 2) € O(w,), we have (z, 2) € O(w) and
(1.7.3) uw = (U, )w, .

1.8. We now assume that T* and B* are F-stable. The identification
o(T*, B*) of T* and N(T*)/T* with the torus T and the Weyl group W is
then compatible with F. For w in the Weyl group, we denote by T(w) the
torus T, provided with the rational structure for which the Frobenius is
ad (w)F. We have

T(w)" = {te T* | ad (w)F(t) =t} .

For z € X, the Frobenius map induces a map F: E(x)— E(F(z)), with F(ut) =
Fu)F(t). For x e X(w), we put
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E(x, W) = {ue E(x)| F(u) = ub} .
This is a T(w)"-torsor. The E(x, w) are the fibres of a map
m: X () — X(w) , with X(w) < E| X(w) a T(w)-torsor over X(w) .
The action of G on E restricts to an action of G* on X (ub).

Up to isomorphism, the G”-equivariant T(w)"-torsor X (i) over X(w) is
independent of the lifting w of w in N(T*): for ' = wt, there exists ¢,
with ad w™'(¢,)F(t,)™" =t and the map w — ut, induces an isomorphism
X () — X@".

The groups G and T(w)” act on H}(X (), Q) by transport of structure.
For any 6¢ Hom (T(w)", Q) we denote by HX(X(w), Q,), the subspace of
HX(X (), Q) on which T(w)" acts by 6.

DEFINITION 1.9. Rw) is the virtual representation
2 (—DH(X (), Qi)

of G (an element of the Grothendieck group of representations of G¥ over Q).

The character 6 can be used to transform the T(w)"-torsor X (i) into a
local system of Q,-vector spaces of rank one ¥, over X(w), provided with
0: X () = F,, O(xt) = 6(x)0(2).

The morphism 7: X (i) — X(w) is finite and

E*Qz =@®,F,.
The sheaf ¥, is the subsheaf of 7,Q, on which T” acts by 6, hence
H¥(X (W), Q)o = HX(X(w), Fo) .
In particular, for 6 =1,
R'(w) = Y (-1 Hi(X(w), Q)

so that Definition 1.9 is compatible with (1.5).

Example 1.10. Forw =w =¢, 1: X (#) — X(w) becomes the projection

w: GT/U*" — GT/B*F, and R’(w) is the representation of G” on the space of
functions on G7 satisfying

flgtw) = 0(¢)"'f(9) ,
GT acting by (9 +f)(x) = f(g7'x) (induced representation).

1.11. The Borel subgroup adgB* is in X(w) if and only if adgB* and
ad FgB* are in relative position w, i.e., if and only if ¢g7'Fig € B*WwB* (where
w e N(T*) represents w):

(1.11.1) X(w) ={ge G|9g'Fge B*WwB*}/B* .
If a Borel subgroup B is in X(w), one can find g € G such that adgB* is
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Band adgadwB* = FB:
(1.11.2) X(w) = {ge G| g-‘FgewB*}/B* N adwB*

where B*NadwB* = T*-(U*NadwU*). Changing g to g¢, we can normalize
g so that we have also ¢g7'Fge wU*:

(1.11.8) X(w) = {ge G| g~ Fge wU*}/T(w)"-(U* N adwU*) .

A point in X () is defined by a Borel subgroup B, plus g € G such that
adgB* = B, adgadwB* = FB and g = Fg mod U*:
(1.11.4) X(w)={9eG|g ' FgewU*})U*NadwU* .

COROLLARY 1.12. The following assertions are equivalent:

(1) X(w) is affine;

(i) X(@) is affine;

(iii) Let o be the action of U* N adwU* on U* defined by

ow)v = adw  (w)vF(u™) ;

then U*/o(U* N adwU*) is affine.

Put S={9ge G|g'FgewU*}. Themap f: S—U*: g — 1w g 'Fg induces
an isomorphism G“\S—U* and is such that for we U*NnadwU*,
f(gu) = o(u)"'f(9). Hence,

GN\X(w) = U*/(U*nadwU*) .
As X(u’;)/T(w)F = X(w), it only remains to use the fact that a space and a
quotient of it by a finite group are simultaneously affine or not.

We will have to use another description of 7: X(w)— X(w). First, an
easy lemma:

LEMMA 1.13. Let J be the set of pairs (T, B), T an F-stable maximal
torus and B a Borel subgroup containing T. The map h which to (T, B)
associates the relative position of B and FB induces a bijection

G\ — W .

The proof will be given in (1.15).
If we use (T, B) € J to identify W with N(T)/T, we have

(1.138.1) WT, adwB) = w'h(T, B)F (w) ,
where w € N(T') represents w, hence

COROLLARY 1.14. The map h induces a birjection

{G7-conjugacy classes of F-stable maximal tori} SEAEN Wi .
Here is another description of #: for (T, B)eJ, if o:T—T and c: W—W
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(W = N(T)/T) are defined by (T, B), then

oFo' =adi(T, B)e F:T—T.
To give (T, B) is the same as to give adi(T, B)o FF'e Wo F c End(T), and
to give the F-conjugacy class of (T, B) is the same as to give ad (T, B)o F
up to W-conjugacy.

1.15. The space of maximal tori of G can be identified with the homo-
geneous space G/N(T*), and the space of maximal tori marked by a contain-
ing Borel subgroup can be identified with G/T*. The group T* being the
connected component of N(T*), (1.13) is a special case of the general result
described below.

Let G, be a connected algebraic group over F, and let 2: E, — E, be a
morphism of G,-homogeneous spaces. We denote by G, E, E the correspond-
ing objects over k%, and we assume that the stabilizer S(¢) of & ¢ £ is the
connected component of the stabilizer S(7(¢)) of #(¢)e E. Since any G,
homogeneous space has a rational point, the existence of E, imposes no
condition on E,.

The groups S(¢)/S(¢)’ form a local system on E, which becomes constant
on E; we denote by W its constant value on E. For ¢ ¢ E, we have an
isomorphism «(2): W —— S(w(#))/S(w(¢)) and, for f = g&, we have a(f) =
adga(¢). We let the group W act on E on the right, by éw = a(€)(w)e; in
this way, £ becomes a W-torsor (= principal homogeneous space) over E.

The group W is acted on by F, with F(eéw) = F(¢)F(w). The set W; of
F-conjugacy classes in W is the set of orbits of the action of W on itself by
w — wwF(w,)™".

PROPOSITION 1.16. For ec ET and & € E above it, define h(e, €) € W by
F@) = &I, @) .
(i) The map h induces a bijection from the set of G"-orbits in
{te, &) |ec EF, m(€) = e} to W.
(i) We have h(e,ew) = w'h(e, &)F(w). Hence the map h induces a
bijection from G“\E” to the set of F-conjugacy classes in W.

We will only prove (i). Let Y be the set of & € E such that =(¢)e E”.
If &,¢ E”, the map g g¢&, identifies X with {ge G| g™ Fge S(n(&,))}/S(&,).
The Lang isogeny g¢g~'Fg is an isomorphism GT\G — G, hence the map
ge,— g 'F'g induces a bijection
G"\X — (S7(2,))/(S(,) acting by s™'zF(s)) .

The orbits of this action of S(¢;) are just the usual cosets, and the resulting



114 P. DELIGNE AND G. LUSZTIG

bijection GF\X — W is the k above.

DEFINITION 1.17. Let T be an F-stable maximal torus and let B be a
Borel subgroup containing T, with unipotent radical U; let w be the relative
position of B and F'B.

(1) Xrcp is X(w). The map g — ad gB induces isomorphisms

Xrcs={9€G|g'Fge B-F(B)}/B
={geG|g'Fge FB}/BN FB
={geG|g'Fge FU}T*-(UN FU).
(i) X;cpis{geG|g'Fge FUYUN FU.
We have a projection map 7: X ;e — Xzcs, for which X,c, is a GP-equiv-
ariant T*-torsor over X, 5 G7 acts by left multiplication and T* by right
multiplication (it normalizes U N F'U).

1.18. Let we N(T*) be a representative of w. If «'€ G is such that
adz'(T*, B*) = (T, B) then B and F'B = ad Fx'B* are in relative position w,
and F'B contains T, hence FFB = adz’adwB* and ' 'F(2') € wB* N N(T*) =
wT*. Replacing 2’ by x = «'t (t€ T*) one can achieve x'F(x) = #. The x
such that adz(T* B*) = (T, B) and 2'F(x) = # form a T*"-torsor. For
such an «, adz induces an isomorphism T(w) — T (hence T(w)" — T7); this
isomorphism is independent of x.

ProposiTION 1.19. Let T, B, U, w be as in (1.17) and z, w as in (1.18).
The map g — gz~ induces an isomorphism from the G -equivariant T(w)"-
torsor X(w) over X(w) (or rather its model (1.11)) to the GT-equivariant
TF-torsor X ey over Xrep (or rather its model (1.17)).

This is a straightforward computation.

1.20. The cohomology of X,., is acted on by GF and T*. For any

character 6: T" — Qf we put as in (1.8):
Rch = E (_1)iHci(XTcBy Ql)ﬂ

(an element in the Grothendieck group of representations of G* over Q,).

By (1.19), for x as in (1.18), we have

Rl = R (w) .

We shall see in Chapter 4 that RJ.; is independent of B. For g e G¥ such
that ad g carries T, B, and 6 to T', B', and &', we have clearly Rl.; = Rf'cz,
hence R/.; will eventually depend only on the G7-conjugacy class of T and

on the orbit of ¢ under (N(T)/T)".
The end of this chapter will be used tn the proof of 7.10 only.
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1.21. Isogenies. Let T be an F-stable maximal torus of G, and let Z
be the centre of G. We denote G X “T the quotient of G x T by the subgroup
{(z, 27") | z€ Z}.

Let B be a Borel subgroup containing 7. The action z+ gat of G x T*
on X, is induced by an action of (G x # T)F, given by the same formula.

COROLLARY 1.22. On H*(X,cps Qo Z7 acts by the character 0| Z¥. In

particular, on any irreducible representation occurring in Ri gz, ZT acts by
0| Z*~.

Let 7: G — G be the simply connected covering of the derived group of
G, T = =(T), B = =~(B) and let Z be the centre of G.

PROPOSITION 1.23. One has T*/x(TF) —> G*/x(GF).

Injectivity is clear; we have to check the surjectivity of the map
(T x G)" — G* induced by ¢: T x G— G: ¢, g tn(g). Viap, Tx G is a
T-torsor over G (with (¢, §)« ¥ = (¢, £9)), and one applies Lang’s theorem
to the connected group 7'

1.24. Let h = A — B be a homomorphism of finite groups and let X be
a space on which A4 acts. The induced space Ind% (X) (unique up to unique
isomorphism) is any B-space I, provided with an A-equivariant map ¢: X —
I, such that for any B-space Y, Hom; (I, Y) —;—» Hom, (X, Y). One has
Ind} (X) = I1,.,, bP(X), and ¢(X) ~ Ker (h)\X.

PROPOSITION 1.25. The (GX 2 T) -space X 7.5 is induced by the (G x Z T)*-
space Xzo3.

LEMMA 1.26. In the diagram

0 Ker T" T* coker — 0

la) j(t, 0 [u, 0 l(z)

0 —> Ker — (T x 7 G)F — (T x % G)* — coker — 0
G1Z) - (G/Z)"
the maps (1) and (2) are isomorphisms.
Indeed, 7 xZ G (resp. T x? G)is a T (resp. T)-torsor over G/Z = G/Z,

hence, since T and T are connected, (T xZ G)* is a T*-torsor over (G/Z)",
and (T x % G)" is the induced T”"-torsor.

Proof of 1.25. By 1.26, we are reduced to prove that Xrep as a TF-
space, is induced by the T7-space X7.3. The spaces X,.; and X7 5 are
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indeed respectively T* and T'7-torsor over X,.; = X7-3, and X35 is hence
the T7-torsor induced by the T7-torsor X,cp.

COROLLARY 1.27. Let 6 be a character of GT/m(GF). We denote again by
0 its restriction to TF. One has R)-p = 0 Q R} .

It follows from 1.25 that
H*(X1ep, Q) = Ind T30 7 (X7cs, Q) -

The character 6(gt) of (G x Z T)" is trivial on the image of G xZ T. The
induced representation we consider is hence isomorphic to its tensor product
with 6(gt), and 1.27 is a formal consequence of this.

2. Examples in the classical groups

2.1. Let V be an n-dimenssional vector space over k and put G=GL(V).
Ifb=(, ---,b,) is a basis of V, we may take for T* the group of diagonal
matrices and for B* the group of upper triangular matrices. The Weyl
group lifts into the subgroup of N(T*) consisting of the ’s inducing a
permutation of basis vectors. In this case, T, W (1.1), X (1.2), E, -w (1.7),
have the following alternative description.

(a) T = G~, W =&, the fundamental reflections are the transpositions
(¢, © + 1) and the action of W on T is by permutation.

(b) X is the space of complete flags D,c -.-C D,_,in V: a flag Dis an
increasing filtration of V withdim D, =¢forl <+ <n — 1.

(¢) E is the space of complete flags marked by non-zero vectors
e.€ D,/D,_,=Gr?(V)(1<i<n), where we use the convention D,=0, D,=V;
T acts on E by (D, (e;))(N) = (D, (\e,)). This is a G-equivariant T-torsor
over X.

(d) If D' and D" are two flags, their relative position is labelled by the
permutation w such that Gr2,,Gr?”"(V) # 0. The isomorphisms

Grio(V) = GrY"Griio(V) = Gri,Gr? (V) = Gri’(V)

induce a w-isomorphism between the T-torsor E(D’) of markings of D’ and
E(D"): e+ e-w. When w is the n-cycle (1, -+, n), D" and D" are in relative
position w if and only if

D'+ D/=D!,,1<i<n—1) and D), + D =V.

2.2. We now take k and F, as in (0.1.1) and assume that V is provided
with an F-structure. Frobenius maps are then defined. Forw = (1, ---, n),
the condition for a flag D to be in relative position w with its image F'D by
Frobenius is that D be the flag
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D, cD + FD,cD, + FD, + F*D,c -.- and that V=@ F‘D, .
If we denote by P(V') the set of homogeneous lines in V, the map D+ D, is
an isomorphism from X(w) to the set of all x € P(V) which do not lie on any
F,rational hyperplane. A marking ¢ of F' is such that F(¢) = ¢-w if and
only if
6, = F(el) (mod 61), €3 = Fz(el) (mOd €1 F(el))’ )
en = F”_l(el) (mOd ely F(el)y R F”_Z(el))

and
e, = F"(e,) (mod F(e), «--, F*'(e,)) ;
e is defined by ¢, € D, subject to the condition that
ee NF@)N - NF*Ye)=F"(e) N Fle) N --- N F*"'(e) ,
i.e.:
2.2.1) Fle, A o« ANF* ) = (=1)"" (e, A -+ A F"Y(e)) .

If (x;) are the coordinates of ¢, with respect to some rational basis, the con-
dition (2.2.1) can be rewritten

(2.2.2) (—l)nil(det (xgj_l)léiyfén)q_l =1.

The form on the left is invariant under GL(%, F,). Up to a scalar factor, it
is the product of all non-zero F,-rational linear forms. The map (D, ¢)— ¢,
induces an isomorphism of X () with the affine hypersurface (2.2.2). This
hypersurface is stable under x — & for A€ F}, and this is the action of
T(w)”.

Our work has been inspired by results of Drinfeld, who proved that the
discrete series representations of SL(2, F,) occur in the cohomology of the
affine curve 2y’ —ax%y = 1 (the form xy? — 2%y = }?gj Z:i is SLZ(Fq)-invariant)

Let o(q, r, n) be the number of F,~-rational points of X(w), r = 1. We
have the following

PRrROPOSITION 2.3.

P(q, r, n) = Hléién—1 (" — ).
Proof. We define a partition P(V) = X, UX, U --- UX,_, as follows:
X, is the set of points x € P(V) such that x, F(x), F*x), --- span a linear
subspace of dimension ¢ of P(V'). This partition is invariant under Frobenius,
and clearly X, has precisely

; 1—-¢)---(1—-¢")
R P ey
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F,-rational points. It follows that
=1 _ . G—g¢7% .- (1 —q"
= ) , 71+ 1 - .
q -1 Eoézsn—l ¢(q ) (1 _ q) cee (1 . q’+1)
This shows that, for fixed n, ®(q, r, ») is a polynomial of degree (n — 1) in
@ = q", with coefficient polynomials in ¢, and leading term Q" !. Since

®(q, 7, n) = 0 for 1 < r < n — 1, this polynomial must be divisible by (Q —g¢),
@ —a), -+, (Q@ — ¢"*). It follows that

?(q,r,n) =@ —)Q —¢°) - (R — ¢

and the proposition is proved.

2.4. Let V be a vector space as in (2.2), with a fixed non-degenerate
symplectic form <, ) defined over F,. We must have n = 2m. The symplectic
group Sp(V) is then a group as in (0.1.1). Let Y be the set of all complete
isotropic flags D,c D,c --- C D,, in V (dim D; = %) such that

D +FDcD,, D,+ FD,cD,.-- D,_,+FD,,cD,, D,=+DFD,.
Then Y can be identified with X(w), where w is a Coxeter element in the
Weyl group W of Sp(V); if we identify W with the group of all permutations
ogof —m, ..., =2, —1,1, 2, ... msuch that 6(—17) = —0o(¢) for all 4, then
w is the permutation

—t— —t+12=Zim), —1—m,
t—1—-12=t=m), 11— —m.
On the other hand, Y (hence also X(w)) can be identified with the set of
x € P(V) such that

(@, F(x)) = <&, F¥x)) = -+ =&, F"'(x)) = 0, (&, F™(x)) = 0.
For example, if dim V' = 4, this is just the set of all x € P(V) such that
(z, F(x)) = 0, <x, F*(x)) #+ 0. Note that the equation {x, F((x)) = 0 defines
a non-singular surface S in P(V) and that {x, F'*(x)) = 0 means that we
remove from S a union of rational curves, one for each isotropic plane in V,
defined over F,. One can prove that in this case (n = 4), the number of
F,—rational points of X(w) is given by:
| o g . . . (@ — &), r even
- =1+9¢ ++1A—-9(—q) +¢ =
2 2 ¢ @ —a@ —¢), rodd.
3. A fixed point formula

3.1. Let X be a scheme, separated and of finite type over k and let
0: X— X be an automorphism of finite order of X. We decompose o as
o = s-u where s and u are powers of o respectively of order prime to p and
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a power of p. The main result of this chapter is the following:
THEOREM 3.2. With the above notations (see also 0.5),
Tr(O'*, Hc*(X, Ql)) = Tr(u*, Hc*(Xsy Ql)) .

The first step is to prove that the left hand side is an integer independent
of I. One might conjecture that for any endomorphism f of X and each 7,
Tr(f*, H(X, Q) is integral and independent of I, but such a more general
and precise result is known only for X proper and smooth (Katz and Messing,
Inv. Math. 23 (1974), 73-77).

PROPOSITION 3.3. With the notations of 3.1, Tr(o*, H*(X, Q.)) is an
integer tndependent of 1 (I = p) .

A standard specialization argument allows us to assume that » > 1 and
that & is an algebraic closure of the prime field F,. This is anyway the only
case we will need in the rest of the paper. The scheme X and ¢ can then be
defined over some finite extension F,C k of F,; we denote by F: X — X the
corresponding Frobenius endomorphism.

Let us first assume that X is quasi-projective. Then, for n = 1, the
composite F'* o o is the Frobenius map relative to some new way of lowering
the field of definition of X from % to F,» and the Lefschetz fixed point formula
for Frobenius ([5] and [11]) shows that Tr((F"0)*, H}(X, Q,)) is the number
of fixed points of F"o (n =1). The automorphisms F'* and o* of the
cohomology commute; as a function of n, Tr((F"0)*, H}(X, Q) is hence of
the form Y a,\" where A runs through the multiplicative group Q} of Q,
and where «; is zero for all A except for a finite number of them.

The functions N* — Qf: n+— \* (for v e Q) are linearly independent.
This can be checked either by using Vandermonde determinants or by appeal-
ing to Dedekind’s theorem on the linear independence of characters (Bourbaki,
Algebre V, §7, 5). For n =1 the numbers > a,\" = | X""| are rational;
hence for any automorphism r of Q, one has

2, T(@)T() = 30, T(@ )N = Y, A\t n=l),
and, by the linear independence of the functions \?,
.o = (@) .

In particular, Tr(o*, H*(X, Q) = Y_, @, is invariant by any automorphism
of Q;, hence rational. Similarly, as Tr((F"0)*, H*(X, Q) = | X7 | is inde-
pendent of I, for any isomorphism 7: Q, — Q,. one has

TTI'(O'*, Hc*(Xy Ql)) = TI'(O'*, Hc*(X7 Ql')) ’
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hence the rational number Tr(c*, H*(X, Q,)) is independent of .

Since the automorphism o has finite order, Tr(c*, H*(X, Q,)) is a sum
of roots of unity, hence an algebraic integer. Being rational it is an ordinary
integer.

If we do not assume X to be quasi-projective, we can either repeat the
previous argument by working with algebraic spaces or reduce to the quasi-
projective case: if (X,) is a finite partition of X into locally closed quasi-pro-
jective subschemes stable under o, then (cf. [5])

(3.3.1) Tr(o*, HXX, Q)) = Y_ Tr(o*, H*(X,, Q)) -

3.4. Proof of 3.2. Let (X)) be a partition of X into locally closed sub-
schemes stable under ¢ and such that, on each X, o defines a free action of
a cyclic group. By applying (3.3.1) to the decompositions X = |J X, and
X°® = U X;, one reduces to the case where o generates a free action of a
cyclic group H. In this case, either

(a) o is of order a power of p, hence s = Id, u = o and (3.2) is trivial, or

(b) the order of ¢ is divisible by a prime number I’ + p and we must
prove that Tr(o*, H*(X, Q)) = 0. As

Tr(a*, H}X, Q,)) = Tr(a*, H}(X, Ql,)) 3.3),
we may as well assume that [ = I’. Let us now grant the

PROPOSITION 3.5. Let H be a finite group acting freely on X. Then
x(h) = Tr(h*, H¥(X, Q) is the character of a virtual projective Z,[H]-
module.

If H is abelian, and if H' is its largest subgroup of order prime to [, a
representation of H over Z, gives rise to a projective Z,[H ]-module if and
only if it is induced from a representation of H'. Its character vanishes then
on H — H' and we get the vanishing (b) by applying (3.5) to the cyclic group
generated by o.

3.6. Let A be a torsion ring with unit and let ¥ be a sheaf of left A-
modules on a scheme Y, with Y separated and of finite type over k. The A-
modules H(Y,¥) are then the cohomology modules of a finer object RT' (Y, ¥)
in the derived category D?®(A) of the category of A-modules. The following
is the key to the proof of 3.5.

PROPOSITION 3.7. Assume A to be right and left noetherian. If F is a
constructible sheaf of projective A-modules, then RI (Y, F) can be repres-
ented by a finite complex of projective A-modules of finite type.

We repeat the proof in [10, XVII (5.2.10)].
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(a) The H(Y, F) are A-modules of finite type, and vanish for 7 >
2 dim (Y) ([10, XVII (5.2.8.1) and (5.3.6)]).
(b) For any right A-module of finite type N, one has

([10, XVII (5.2.9)]); the proof rests on replacing N by a free resolution of N,
to reduce to the trivial case where N is free of finite type; we are allowed to
use such left infinite resolutions because RT, is of finite cohomological dimen-
sion. The assumption that N is of finite type is in fact unnecessary.

(¢) By (a) we can represent RI[,(Y, F) by a complex of A-modules K",
with K = 0 for 7¢ [0, 2dim Y] and K° free of finite type for ¢ > 0. For any
right A-module of finite type N and any 7 > 0,

Tort (N, K°) = H*(N®" RT(Y, F)) =@ H*RT(Y, NQ F) = 0 .

The A-module K° is hence flat; it is of finite type because H°(K") is, hence it
is projective.

3.8. Proof of 3.5. We will assume that X is quasi-projective (the
general case can be handled as in 3.3). Put Y = X/H and denote by 7 the
projection 7: X — Y. The group H acts on 7, Z/l" and this action turns 7, Z/I"
into a locally constant sheaf of free Z/I*[H]-modules of rank one. By 3.7,
RT (Y, m,Z/l") can be represented by a complex K, of projective Z/I*[|H]-
modules of finite type. One has RT (Y, 7, Z/l") ~ RT (Y, . Z/I*"*) Q% 1n:1 Z /1"
(8.7(b)), and one checks easily ([11, XV, 3.3, Lemme 1]) that once K is chosen,
one can choose K,., such that K, is the reduction mod I* of K,,,. Taking a
projective limit, we get a complex K. of projective Z,[H]-modules and an
H-equivariant isomorphism

HXX, Z,) = lim H}(X, Z/I") = lim H}(Y, n.Z/l") = H*(K.,)
(the middle equality because 7 is finite). We then have

x(h) = 35 (—1)}Tr(h, KZ) .

3.9. Let X/k be as in (3.1), T a finite abelian group of order prime to
p, G a finite group and p an action of T x G on X. We assume that the
action of T'on X is free. We let T X G act on H;*(X) by transport of struc-
ture. For any character 6 of T with values in Q}, we denote by Hj}, the
subspace of H*(X) on which T acts by 6; on Hj, ¢t* is the multiplication by
o).

Let us assume for simplicity that X is quasi-projective. We denote by
7 the projection 7: X — Y = X/T. The group G acts on Y. For each ge G,
we denote by I(g) the set of connected components of the fixed point set Y?
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and by Y? the component corresponding to ¢ € I(g).

For ye Y, n7'(y) is a principal homogeneous set for the action of the
abelian group T. If ye Y?, g acts on 7#7'(y) and commutes with T, it hence
acts like some (g, y) € T

gz = t(g, x)x, x€ T (Y) ;

t(g, ¥) is constant for ¥ in each connected component Y7 of Y?; we denote it
by t(g, ©).
The Theorem 3.2 will be used in the following form.

COROLLARY 3.10. With the above notations, let g = su be the decomposi-
tion of g€ G as the product of commuting elements respectively of order
prime to p and a power of p. Then,

Tr(g*, Hﬂ*) = Eie](s) 0(t(8’ i)’I)Tr(u*, Hc*(YZS)) °
For te T, the decomposition 3.1 of 0 = t.g is tg = (st)-u. We have
XSt = Hiel(s) n"l(Yf)” = HieI(s) 7[—1( Yis) ’

t=t(s,i) 1

hence

Tr(g*, H}) = —— 33, 00)* Tr(g*t*™, HX(X))

T

= T SO0 Te(g0", H (X))

- ﬁ 22, 0() Eiiﬁf“’~)_1 Tr (u*, Hc*(n‘l( Yis)))
B 0, )T, B ()

The decomposition (3.1) of the automorphism tu of 77 (Y;)ist-u. Fort + e,
t has no fixed point, hence

Tr((tw)*, HX(z7(Y?))) = 0 t+e).

The endomorphism

IlT[Et* of Hx(x(Y?))

is a retraction onto the subspace 7*H*(Y?;), hence

|_1T_|Tr(u*, Hx(x (7)) = Tr(u*, H*(Y?))

and, substituting into the expression for Tr(g*, H;}), we get (3.10).
3.11. The end of this chapter will not be used in this paper. Let G be
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a finite group acting on X/k as in (3.1). For simplicity we assume X to be
quasi-projective. Assume further that G acts freely on X, and put ¥ = X/G.
The covering X of Y is said to be tame if Y can be imbedded as a Zariski
open dense subset of a proper scheme Y in such a way that the p-Sylow-sub-
groups of G act freely on the normalisation X of ¥ in X:

x<i.x
Y—0sY.
PRrROPOSITION 3.12. With the above notations, tf X/Y is tame, then the

virtual representation Y, (—1)Y'HI(X) of G is a multiple of the regular
representation.

It suffices to prove that Tr(g*, HX(X)) = 0 for g +# e. If g is not of
order a power of p, this follows from (3.2). If ¢ is of order a power of p, ¢
acts without fixed points on X and

Tr(g*y Hv*(X)) = Tr(g*’ H*(X’ j! Ql)) = 0
by the Lefschetz fixed point theorem applied to X and the sheaf j, Q,.

3.13. Hzistorical remark. The method we have followed, using (3.5),
was first used by Zarelua (On finite groups of transformations, Proc. Int.
Symp. on Topology and its Applications, 1968, pp. 334-339) and independently
by J. L. Verdier to prove that if a finite group G acts freely on a topological
space X of finite cohomological dimension, and if the H*(X, Z) are of finite
type, then > (—1)H%X, Z) ® Q is a multiple of the regular representation
of G.

4. The character formula
The assumptions (0.1.1) are in force in this chapter and the next four.
DEFINITION 4.1. Let T be an F-stable maximal torus of G. The Green
Sfunction Qr o(w) is the restriction to the unipotent elements of the character

of the virtual representation Rz, where B is any Borel subgroup contain-
mg T.

This Green function does not depend on B (by (1.6) and (1.17 (i))); it only
depends on the G”-conjugacy classes of T and w. The natural map 2 +—Z
from G to its adjoint group induces a bijection on the unipotent sets, and

(4.1.1) Qr,o(u) = Qr,a() .

The Green function is integer-valued (3.3) and is a restriction of a character
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of G”, hence Q7 o(u) = Qr o(u) if (n, p) = 1.
Let @ be the smallest integer = 1 such that F*is the identity on W.

From the proof of (3.3) we see that } | . X/“3*t" is a rational function of ¢
and that

(412) Qr.o(w) = —{En;1 ;ggutn}mw .

In this chapter, we will express the character of RJ-, in terms of ¢ and
of Green functions.

THEOREM 4.2. Let x = su be the Jordan decomposition of x € G'. Then

Tr(x, R;”vcg) = 'l—‘ZBz_sjﬁ Z:”dwrigo( )QadgT,Z’(s)(u)adg(ﬁ)(s) .

Let ¢, be the function on G* whose value is 1 at x € G” and 0 elsewhere.

One can rewrite 4.2 as giving the following formula for the character of
Rl
(4.2.1) Tr(, Rics) = X0, pr —oee—0() o« oo r @200 (Wensgrnr
| Z°(t)" | geck
where we put Qr o, (#) = 0 whenever u is not unipotent.
COROLLARY 4.3. Rj_j ts tndependent of the choice of B (B> T).

From now on we shall write R} for R/.;. We will deduce 4.2 from 3.7
and the following geometrical facts.

PRrOPOSITION 4.4. (i) If a Borel subgroup B, of G contains s, then
B, N Z°(s) is & Borel subgroup of Z°(s).

(ii) Pick Tc Bin G. Any Borel subgroup B, such that s € B, is of the form
ad gB with adgT < Z°(s) (i.e., g™'sge T). The left coset T,,5(B,) (de__-f__) Z°(s)-g
depends only on T, B, and B,.

(iii) The map B, — B/ N Z°(s) is an isomorphism from the space of
Borel subgroups containing s, such that v, z(B!) = tr,5(B,) and the space of
Borel subgroups of Z°(s).

Proof. (i) is well known. Put B, = adg,B. We have ¢;'sg, € B hence
there exists # in the unipotent radical of B such that w 'g7'sgue T. We
take g = gu. Put T"=adgT. If ¢’ = hg is also such that ad ¢'B = B,
(resp. ad ¢'T < Z%s)) then he B, (resp. ke Z°(s)N(T"), by the conjugacy of
maximal tori in Z%s)). If W= N(T')/T" is the Weyl group of G and
W° = (N(T") N Z°(s))/ T’ that of Z°(s), the Bruhat decomposition for Z°(s)
reads

Z°(s) = (B, N Z°(s)) W*(B, N Z°(s)) ,
and
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(B1Z 0(s)) NN(T")=BW(B.NZ 0(s)) NN(TYCTB,W'B,NN(T"Y=W (T Z"(s) .
Hence

B, N (Z°(s)-N(T")) < Z°(s)

and
B, N (Z%s)-N(T")) = B, 2Z°(s) -

The element g such that adgB = B, and adgT c Z°s) is unique modulo
B, N Z°(s), hence (ii) and (iii).

A Z'(s)-left coset = = Z°(s)g, with ad g T < Z°(s), defines an isomorphism
7T from the maximal torus of G to that of Z°s); adg maps T (contained in
the Borel subgroup B) to adgT < Z°(s) (contained in the Borel subgroup

adgB N Z°(s)). This construction will allow us to compare the relative posi-
tion of Borel subgroups in G and Z°(s).

ProPOSITION 4.5. Let B! and B!" be Borel subgroups containing s,
T = TT,B(BI’) ’ v = TT,B(BLN) H

let w be the relative position of B! and B/’ (in G) and w, that of B/ N Z°(s)
and B!' N Z*(s) (in Z°(s)). Then

w, = Twrt",

Replacing (T, B) by a conjugate, we may assume that B = B/ and that
TcB!'N Z%s) N B/. We will identify the maximal torus of G and that of
Z°(s) with T, using T B and T (BN Z°(s)). We then have 7' = Id. Re-
placing B by a N(T)N Z°(s)-conjugate, we may further assume that
w, =1, i.e., B/'N Z%s) = B!'N Z°%s). We must prove that w = ", which
is clear.

LEMMA 4.6. If B and B’, containing T, are in the same relative posi-
tion as B, and B! containing s, then Tr,5(B,) = Tr,p(B/).

Replacing (B, T, B’) by a conjugate, we may again assume that B = B,
and that T B, N Z°s) N B/. In this case B’ = B/.

To prove (4.2) we first compute the space X;_, of Borel subgroups B,
containing s and such that B, and F'B, are in the same relative position as B
and F'B.

PROPOSITION 4.7. Let X;:5(9) be the subspace of X; . consisting of those
B, with t, ,(B,) = Z°(s)g. Then
(4.7.1) XTSCB = HﬂeZO(S)F(\()?F XTS'CB(g)

adgTcz0(s

and, for g€ G*, the map B, — B, N Z%(s) induces an isomorphism
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(4-7-2) X;ca(g) SRR adgTcadgBNZ0(s) *

By 4.6, we have Fr; 5(B) = 77 r3(FB,) = 7r,5(B,). By Lang’s Theorem,
the Z°(s)-principal homogeneous space 7;,5(B,), being F-stable, has a rational
point, hence (4.7.1). By (4.4 (iii)) and (4.5), the map (4.7.2) is an isomorphism
from X;.,(g) to some X(w) (relative to Z°(s)); to check which w appears, we
observe that ad gB e X;5(9).

Proof of 4.2. The theorem is now an immediate application of (4.7) and
(8.10) applied to the action (1.17) of G¥ X T7 on X,cp-

5. Characters of tori

We will assume chosen isomorphisms

(5.0.1) ke* —— (Q/Z), ,
and
(5.0.2) (roots of unity of order prime to p in Q) — (Q/Z), -

5.1. Let T be a torus over k. Besides the character group X(T) =
Hom (T, G.), we will consider its dual Y(7T) = Hom (G,,, T'). The duality is
given by

{a, k) = a¢oheHom (G, G.) = Z

(¢e X(T)and he Y(T)). The maps (h, ) — h(z) and ¢t — (¢ — a(t)) induce
isomorphisms

(5.1.1) Y(T) ® k* = T(k) = Hom (X(T), k*) .

If Tis a maximal torus in G, the roots of T in G are elements of X(T),
while the coroots belong to Y(T). If « is a root, the corresponding coroot H,
is characterised as follows: there is a homomorphism u: SL(2)—G, which maps
the subgroup ((1) ;) onto the root subgroup U,, and whose restriction to the

group of diagonal matrices <identiﬁed with G, by 2 — <(9§ 2_1» is H,.

5.2. Using the chosen isomorphism (5.0.1), we can rewrite (5.1.1)
as

(5.2.1) T(k) = Y(T) ® (Q/Z), = (Y(T) @ Q/Y(T)), -

If Tis obtained by extension of scalars from a torus T,/F,, the Frobenius
map F induces a map F: Y(T)— Y(T) (Y is a covariant functor) and T is
the subgroup Ker (F' — 1) of T(k) = Y(T) ® (Q/Z),; since F'is divisible by
D, it is also the kernel of F' — 1 in Y(T) & Q/Z:
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(5.2.2) 0T —YTRQUYZIIVT)® QZ—0.
By applying the Snake Lemma to
0—Y(T)—Y(TNQRQA— Y(T)R®Q/Z—0

i Jro Jp-1

0—Y(T)—YT®Q—Y(T)®QZ—0

we get another exact sequence

(5.2.3) 0— V()2 (T) — TF — 0.

The maps in (5.2.2), (5.2.3) depend on the choice (5.0.1). An intrinsic
expression for these sequences would be as follows:

TT is the image of the middle map in the exact sequence
o F—1 N (F—1)! N
0 — Y(T)3(1) == Y(T)3(1) =25 Y(T)5(1) ® QJZ
F—1 ~
— Y(T),1)®QZ—0.

Let us map the sequences (5.2.2), (5.2.3) into Q/Z. The isomorphism
(5.0.2) provides an isomorphism

F\V F (%) — F
(17)" == Hom (1", Q1) = Hom (1", Q/2),

and we get exact sequences
(5.2.2)* 0 — x(7) 223 x(1) — (T7) —> 0,

(5.2.3)* 0— (T7) — X(T) @ QZL2 X(T) ® Q/Z — 0 .

The dual torus T* of T is defined by the rule X(7'*) = Y(T), (hence
Y(T*) = X(T)); its F,-structure is defined by (¥ on Y(T*)) = (*F on X(T)).
Via some isomorphism
(5.2.4) (T7y” = T*F,
the sequences (5.2.3), (5.2.2) for T* are identical with (5.2.2)*, (5.2.3)*.

5.3. If we go from F, to F,., F' is replaced by F". Composition with
the norm map

Fr —1

N =
F—1

= YR T —— T

is an injection !N: (T*)” — (T*")”. We have commutative diagrams
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Fr—1

0—Y Y— T —YRQZLAvy®qz —0
L S

0— Y Y— T7P — Y RQZ——YQQZ—0,

0— X— X (TF) — X R Q/Z — X R Q/Z — 0
| fwemer | '

0—> X— X (TF) — X Q Q/Z — X ® Q/Z — 0 .

where X and Y stand for X(T') and Y(T'). In particular, for 6 a character
of TF, 6 and - N have the same image in X(T) ® Q/Z, and (5.2.4) gives rise
to a commutative diagram

(T*) = (T™)"

]
(TF)" === (T*)"" .

PROPOSITION 5.4. Let T and T' be two F-stable maximal tori of G, and
let 0, 0" be characters of T*, T'Y. We identify them with characters of Y(T)
and Y(T'), by (56.2.3). The following conditions are equivalent:

(i) Forsomex e G,withadx(T)=T',themapinducedbyadx:Y(T)—Y(T")
carries 0 to 6';

(ii) For some n, the pairs (T, 0o N), (T', §' o N), where N is the norm
from TF" to T* (resp. T'"" to T'") are G""-conjugate.

By 5.3, the condition (i) is invariant under the replacement of F' by F*

and of 6, 8’ by 8o N, 6’ o N. It hence suffices to check (5.4) in the trivial case
where T and T' are split.

DEFINITION 5.5. The pairs (T, 6), (T', 0") are said to be geometrically
conjugate when the equivalent conditions of (5.4) hold.

5.6. Let (T, 6) be as above. The choice of a Borel subgroup B contain-
ing T defines an isomorphism of T with the torus T; the corresponding
isomorphism Y(T)— Y(T) carries 0 to a character of Y(T) with values in
the roots of unity of order prime to p in Q,. The isomorphism (5.0.2) identifies
it with an element of X(T) ® (Q/Z),. Its class [0] in (X(T) ® (Q/Z),)[W is
independent of the choice of B. It is invariant under F. Let us put

S = [(X(1) @ (@/2),) W) — [(X(T) ® Q/Z)[ W] .

PROPOSITION 5.7. (i) The map 6+ [0] induces a bijection from the set

of geometric conjugacy classes of pairs (T, 0) to S.
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(ii) (Compare Steinberg [15, p. 93]). The number of geometric conjugacy
classes of pairs (T, 0) is | Z°" | ¢* where Z° is the identity component of the
centre of G and | is the semisimple rank of G.

(i) The injectivity is clear on 5.4(i). Let us prove surjectivity. If the
class mod W of z € X(T) ®(Q/Z),- is invariant by F, one indeed has ‘(wF)x =«
for some we W, and « corresponds to a character of T(w)”, hence of T7, for
some F-stable maximal torus 7 in G (1.14).

(ii) As in (5.2), we may now identify geometric conjugacy classes of

pairs (T, #) with F,-rational points of the quotient T*/W. Our task is to
compute

[(T*/W)" | = 35 (—=1)'Tr(F*, H(T*/W)) = > (—1)'Tr(F*, H(T*)¥) .

Let G’ be the derived group of G; the torus T* is isogenous to (hence has the
same cohomology as) the product of Z°* with T'* (T’ being the torus of G').
Since any torus has as many rational points as its dual, we get by Kiinneth’s
Theorem

[(T*/W)" | = | Z2°7| 30 (=1)Tr (F*, H(T"™)Y) .

We have
H*(T'™, Q) = A* H(T™, Q) = A* (Y(T") ® Q(-1)) ;
hence by Poincaré duality,
HX (T, Q) = Hom (A Y(T"), Qi — 1)),

and

Tr(F*, H* {(T'*)V) = ¢ Tr(F, A Y(T")V) .
The next lemma shows that this trace is zero for 7 # 0, hence the ¢' factor.

LEMMA 5.8. Let W< Aut (V) be a fintte group generated by reflections
of a real vector space V of dimension d. We assume that V" = 0. Then
(A* VY =0 for ¢ = 0.

For a proof, see Bourbaki [1, Ch. V, Ex. 3 of §2].
5.9. Let T be an F-stable maximal torus in G and let & be a root of 7.
For 6 a character of T”, we will say that 4 is orthogonal to H,: (H,, 6> = 0

if 4, viewed as a character of Y(T') (5.2.8), is identically 1 on H,. The char-
acter 6 of Y(T) is then invariant by the corresponding reflection s,.

5.10. Let 7: G — G be the simply connected covering of the derived
group of G, and let T be the inverse image of T in G. The group T is con-
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nected: it is a maximal torus in G. Itactson T x G by ¥x(t, 9) = (tx(?)7, g),
and the map (¢, g)— tg induces an isomorphism T\7T x G =, G, hence (Lang’s
Theorem) T# \T7x GF — G¥. We have

(5.10.1) T n(TF) — G*/zF(G) .

PropoSITION 5.11. (i) A character of T is the restriction to T” of a
character of G¥/n(GF) if and only if it is orthogonal to all coroots.

(i) Let 0 be a character of G¥/n(GF), T and T’ two F-stable maximal
tori and let x € G be such that adx (T) = T'. Then adx: Y(T)— Y(T") carries
the restriction of 0 to TT (viewed as a character of Y(T)) onto the restriction
of 0 to T'F: the restrictions of 6 to the F-stable maximal tori are all geomet-
rically conjugate.

The assertion (i) follows from (5.10.1), and the fact that Y(T) c Y(T)is
spanned by the coroots H,. To prove (ii), we will use the criterion 5.4 (ii).
Let n be such that x € G*". We will prove that if y € 77", N(y) and N (adz(y))
have the same image in G7/n(GF), hence that ad« transforms (9| T7) e N into
@) T7)-N.

The map ¢ — N(¢)*N(ad=(¢)): T— G lifts uniquely into a map ¢: T— G
mapping e to e. Indeed,

(a) it factors through 7/Z;

(b) the map t — N(t)*N(ada(t)): T— G factors through T/Z = T/Z and
the desired lifting is the composite T— T/Z = T/Z — G.

Similarly, the map

(@, t) —> a'N(t)'N(adz(t))adz(@): T x T—> G
lifts into 4: T x T — G, with (e, t) = @(t). The identity
F(N(¢)N(ada(t))) = N(Ft)"'N(Fada(t))

= (¢F"t)""N() "N (adz(t))adx(t ™) F" ad x(t)
= (t"'F"t)"'N(t)"*N(adx(t))adx(t ™ F"t)

lifts into
Fo(t) = y(t7F"t, (1)) -
Putting t = y, we have y'F'"y = ¢, hence Fo(y) = ®(y) and P(y) € G*. We
have N(y)"N(ada(y)) € 7@(GF), as required.
Remark 5.12. The argument above can be used to show the existence of
a norm map N: G"/n(G*") — G*/n(G") which for each F-stable maximal
torus 7T gives rise to a commutative diagram
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T z(TF") — G*" |z (GF")
| |
T#/n(TF) — G¥/n(G¥) .
THEOREM 5.13. Let (T, 6) be as above. We use (5.2.3) to identify 0 with

a character of Y(T). If the centre of G is connected, then the stabilizer of 0

wn the Weyl group W = N(T)/T is generated by the reflections s,, for H, a
coroot orthogonal to 6.

The key point in the proof is the same as in Steinberg’s Theorem that if
the derived group @' is simply connected, then the centralizer of any semi-
simple element is connected.

Let us identify # with the corresponding element in X(7) & (Q/Z),
(invariant under F'). Let 6, € X(T) ® Q be a representative for it. This 6,
has no p in the denominator. We have the dictionary:

(@) <(H, 0)=0<=(H, 0,)¢eZ;

(b) 0 is fixed by we W < for some x € X(T), wl, + « = 6,.

Let X be the subgroup of X generated by the roots. It is the character
group of the image T of T in the adjoint group. The character group of
the centre Z = Ker (T — T*) of G is X/ X" the character group of Z/Z., is
the torsion subgroup of X/X*¢, hence

(c) Z is connected and smooth (resp. connected) if and only if X/X* is
torsion free (resp. has no torsion prime to p).

For each root «, s,(6,) = 0, — {H,, 6,>a. The number {H,, §,> has no p
in the denominator; hence {H,, §,>a € X(T) if and only if (H,, 0,> € Z; s,(0) = 6
if and only if (H,, ) = 0. It remains to check that the stabilizer of @ is
generated by the reflections it contains.

Fix N such that (1/p")X** D X N (X* &® Q) and such that p” = 1 (mod
the order of 4). For any we W, wf, — 6, is in X** ® Q, hence if wd, — 6, is
in X, w(p"0,) — (p~0,) e X*. Replacing 6, by »”6,, which is also a representa-
tive of 4, we may assume that 6 is fixed by we Wif and only if wé, + x = 6,
for some 2 ¢ X*. The stabilizer of 6 in W is the image in W of the stabilizer
of 6, in the affine Weyl group. It remains to apply Bourbaki [1, Ch. VI, Ex.
1 of §2].

Remark 5.14. The proof shows that, if we use a suitable Borel subgroup
B> T to identify W with W, the stabilizer of 6 becomes the subgroup of W
generated by some of the reflections corresponding either to a simple root or
to the negative of the highest coroot.

DEFINITION 5.15. (i) The character 8 of T* is nonsingular if it is not
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orthogonal to any coroot.
(ii) 6 is in general position if it is mot kept fixed by any non-trivial
element of (N(T)/T)".

PROPOSITION 5.16. If the centre of G is connected, a character s non-
stngular if and only if it is in general position.

The stabilizer of ¢ in N(T')/T is a group generated by reflections, and is
stable by Frobenius. We have to prove that the subgroup fixed by Frobenius
is non-trivial. This follows from the next lemma.

LEMMA 5.17. Let V # {0} be a euclidian vector space, and let W be a
finite group generated by orthogonal reflections. We assume that V'V = {0}.
If a belongs to the normalizer A of W in O(V), the centralizer W* of a in
W is non-trivial.

(a) Reduction to the irreducible case. Let V = @ V, be the decomposi-
tion of V as a direct sum of irreducible root systems; we have W = [[ W..
The automorphism ¢ permutes the V;; by taking a direct factor, we may
assume that it permutes them cyclically: V = @;.z.V:and aV,=V,,,. An
element w = (w,)e W = J[ W, is in W*if and only if w, = ad a*(w,) and w,

a”

is fixed by a*; we are reduced to proving that Wy " is non-trivial.

(b) In the ¢rreducible case, one always has either A= WU — W or
—1¢€ W; both cases are clear.

COROLLARY 5.18. For any G, if 0 is in general position, then 6 s non-
singular.

Let us embed G in a group G, with connected centre and the same derived
group. For instance, one can take G, = G x T/{(z, 27") | z€ Z(G)}. The torus
T is then contained in an F-stable maximal torus T, of G,, and @ is the
restriction to T7 of some character 6, of TY. If 8 is in general position, 4, is
so a fortiori, hence non-singular (5.16). A character ¢, of T\ is non-singular
if and only if its restriction to T is, hence (5.18).

When all roots of G have the same length, geometric conjugacy can be
given the following convenient description.

DEFINITION 5.19. (Assuming all roots to be of the same length) Let T be
an F-stable maximal torus and let 6 be a character of T*. The connected
centralizer S(T, 6) of (T, 6) in G is the F-stable reductive subgroup of G with
maximal torus T and with root subgroups relative to T the U, for which
<Ha, 0> = 0.

If (H,60)=<(Hs; 6> =0 and a« + B is a root, then H, , = H, + Hy,
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hence (H, .4 0) = 0 and the definition makes sense. Let 7: S(T, 6) — S(T, 6)
be the simply connected covering of the derived subgroup of S(T, ¢). By
5.11 (i), 0 extends to a character 0 of S(T, 6)"|z(S(T, 6)").

PROPOSITION 5.20. If the centre of G is connected and all roots are of
the same length, then a pair (T',0') is geometrically conjugate to (T, 6) if
and only if (S(T, 0), 05) and (S(T", 6), %) are G*-conjugate.

The “if” part follows from 5.11. Conversely, let (T, 6’) be geometrically
conjugate to (T, 6): for somex € G, adx(T) = T’ and adx: Y(T)— Y(T’) maps
0 to ¢’ (via (5.2.3)). If F': T'— T’ is the Frobenius map of 7", adz (F"’) =
adwF for some w in the Weyl groupof 7. Wehave ‘F#=0, and (adwF)0 =4,
hence ¢ is fixed by w, which by part (i) belongs to the Weyl group of T in
S(T, 6). Let T"” = ady(T), y S(T, 6) be an F-stable torus in S(T, §), with
Frobenius F'", such that (ady)(¥") = (adx)"*(F’). Replacing (T, 6) by
(T, ady(6)) (by applying 5.11) and replacing = by zy*, we are reduced to
the case where adxF' = F'adwx. In this case, (7, 6) and (T’, 6') are G"-con-
jugate; the identity adx(Ft) = Fadx(t) for te T amounts to x 'Fxe T; and
replacing « by «t™* with te T, t7'Ft = ¢ 'Fx, makes x rational.

When roots are not all of the same length, one has to work in the dual
group G* of G.

DEFINITION 5.21. A group G* dual to G is a reductive group G* defined
over F,, whose maximal torus T* is provided with an isomorphism with
the dual of the maximal torus T of G, this isomorphism carrying simple
roots to simple coroots.

Here are some properties of this duality. Let G and G* be dual.

(5.21.1) G and G* have the same Weyl group W. The action of W on
Y(T*) is the contragredient of its action on Y(T).

(5.21.2) However, Frobenius does not act in the same way on W in G
and G*: it acts in inverse ways (the origin of this is that F on Y(T*) is the
transpose of ' on Y(T)).

(5.21.3) The conjugacy classes of pairs (T, B) (T an F-stable maximal
torus, B a Borel subgroup containing it) in @ and G* correspond. With the
notations of (1.13), (1.14), to the class of (T, B) we associate the class of
(T*, B*) with Y(ad h(T, B) o F) = adh(T*, B*)'o'F; the tori T and T* are
in duality.

(5.21.4) This induces a bijection between the rational conjugacy classes
of maximal tori in G and G*. If T and T’ are in corresponding classes, we
have a natural class (mod (N(T')/T)*) of isomorphisms between T* and 7.
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(5.21.5) Let T be an F-stable torus on G, and let 6 be a character of T7.
Fix T’, a corresponding torus in G*. The character ¢ defines an element of
T*%, then a (N(T")/T") -conjugacy class of elements ¢’ of T’. In that way,
we get a bijection between G”-conjugacy classes of pairs (T, ) as above, and
G*F-conjugacy classes of pairs (7", '), T' an F-stable maximal torus of G*
and 0’ an element of T'F. This correspondence is compatible with extension
of scalars from F, to F,. (cf. 5.3.).

(5.21.6) By forgetting 7', we see that each G”-conjugacy class of pairs
(T, 0) defines an element ¢’ € G**, well-defined up to G**-conjugacy.

PROPOSITION 5.22. Two pairs (T, 0,) and (T, 6,) are geometrically con-
jugate if and only if 0, and 0; are geometrically conjugate.

An extension of scalars (cf. 5.4, 5.5) reduces us to the case where T, and
T, are split. Conjugating, we may assume further that T, = T,. In this case,
geometric conjugacy is W-conjugacy, and the proposition is clear.

PROPOSITION 5.23. Let G and G* be dual. Then, the centre of G is con-
nected and smooth (resp. connected) if and only if the derived group of G*
1s simply connected (resp. if its simply connected covering is unseparable).

Put Y = Y(T*), T* the maximal torus of G*; let Y, be the subgroup
generated by the coroots; and put Y, = YN Y, ® Q. Then, Y,is the Y-group
of the maximal torus of the derived group, and Y, that of the maximal torus
of its universal covering. The group of this covering is the dual of the
Pontrjagin dual of Y,/Y,, and (5.23) follows by comparison with point (c) in
the proof of (5.13).

COROLLARY 5.24. Ifthe centre of G is connected, two pairs (T,,0,), (T, 0,)
as in (5.22) are geometrically conjugate if and only if 0] and 0, are G**-con-
jugate.

Indeed, by a theorem of Steinberg, geometric conjugacy amounts in this
case (5.23) to conjugacy, for semi-simple elements of G* (their centralizers
are connected).

DEFINITION 5.25. Let (T', 8') correspond to (T,0) as in (5.21.5). The
patr (T, 0) ts maximally split if the F,rank of T is equal to that of the
centralizer of 0', i.e., if T' is maximally split in that centralizer.

Any geometric conjugacy class of pairs (7, ) contains maximally split
pairs.

PROPOSITION 5.26. If the centre of G tis comnected, two geometrically
conjugate maximally split pairs (T, 6,), (T;, 0,) are G -conjugate.
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Via (5.21.5) and (5.24), this amounts to the known fact that two maxi-
mally split maximal tori in the centralizer Z(6') of a semi-simple element ¢’
of G*F are conjugate by an element of Z(6)".

ProPOSITION 5.27. If (T, 6) is maximally split, and the image of T in
the adjoint group is anisotropic, then 6 is non-singular.

Fix (7", ¢') as in (5.21.5). By assumption, Z°(¢') contains no non-central
F'-stable split torus, hence Z°(¢’) = T'. The roots of T’ in Z°(#') correspond
to the coroots of T orthogonal to ¢, hence the proposition.

COROLLARY 5.28. If (T, 0) is maximally split, T is containd in an F-
stable Levi subgroup L of an F-stable parabolic subgroup P, and, in L,
(T, 6) is non-singular.

One chooses P and L so that the image of T in the adjoint group of L is
anisotropic. Being maximally split in G, (T, 0) is a fortiort maximally split
in L, and one applies (5.27).

The following result will be used in the next chapter.

PROPOSITION 5.29. Let T’ be a subtorus of a torus T, with T defined
over F, (no assumption on T'). Let 0 be a character of T*. It is trivial on
T' N TF if and only tf, when viewed as a character of Y(T), it is trivial on
(F-DY(T)®QnNY(T)).

The condition is that d(x) = 0 for

F-1)'@)e(N(T)®Q+ Y1),
i.e., for
e ((F—DY(T)Y®QNY(T)) + (F—1)Y(T)) .
The character 6 being trivial on (F — 1)Y(T'), this means () is trivial for
re((F—DY(T)®QNY(T)).
6. Intertwining numbers

6.1. Let T, T' be two F-stable maximal tori in G and let 4, ¢’ be char-
acters of T" and T'". Weput N(T, T') = {9 G| Tg = 9gT'} and

WAT, T') = T\N(T, T') = N(T, T")]T' .
We will drop the index G if there is no ambiguity. F acts on W(T, T"), and
W(T, T')" = T"\N(T, T')" = N(T, T")"|T'" .
THEOREM 6.2. If 67 is not geometrically conjugate to 6', then
[HX(X1cs)y @ H (X rcp)s]® =0,
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i.e., if an trreducible representation of G¥ occurs in HX(Xr-5)s, its dual
does not occur in HX(X pcp)o-

The virtual representation R} is the dual of R{ (as can be seen on the
character formula 4.2), hence we have as a corollary:

COROLLARY 6.3. If 6 and 8’ are not geometrically conjugate, no irreduc-

ible representation of G can occur in both virtual representations R’ and

6’
Tre

The proof of 6.2 will make use of the following homotopy argument:

PROPOSITION 6.4. Let H be a connected algebraic group acting on a

scheme Y, separated and of finite type over k. For any h e H, the action of
h on HX(Y, Z/n) is trivial.

Let 7 be the projection of H X Y onto Hand let f: Hx Y— H x Y be
defined by f(k, y) = (h, hy):
H x Y——{» HxY
AN /
n\ /r:
H
By the change-of-basis theorem in cohomology with compact support applied
to
HxY—Y
H—— Speck,

Rim,Z/n is the constant sheaf HY, Z/n) on H. The automorphism f acts on
it and, at A € H, it acts the way h acts on H(Y, Z/n). At the identity element
of H, the action of fis trivial. An endomorphism of a constant sheaf over a
connected base is constant, hence f acts trivially everywhere, and the prop-
osition is proved.

COROLLARY 6.5. The conclusion of (6.4) holds in l-adic cohomology.
The proof is a passage to limit.

6.6. Proof of 6.2. On X,ep x X,cp we have commuting actions of G7,
T", and T'" (G* acts diagonally). By Kiinneth’s Theorem, we have to prove
that

Hc*(XTCB X XT’CB’)?,I;’ = O ’

where the symbol M, , applied to any T7 x T'F-module M, means the subspace
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of M, where T* and T’ act by 6 and ¢'.

Let U (resp. U’) be the unipotent radical of B (resp. B’).

Let Sy ={9e€ G| g7 ' Fge FU}, Spcsp ={9'€cG|9"'Fg e FU'}.
The unipotent group (U N FU) x (U' N FU’) acts freely on S;cp X Srcp
and the orbit space is X, , x X, (see (1.17)). It follows that

H;(XTCB X XT’CB’)(_d) = Hc1:+2d(STCB X ST’CB’) ’
where d is the dimension of (UN FU) x (U' N FU’). This isomorphism is

compatible with the action of G¥ x TF x T'F; moreover this group acts
trivially on Q,(—d). Hence it is sufficient to prove that

HX(Srcs X Srcs)iy = HX(Sres X Srcs/G o0 = 0.
The map
(9, 9)— (@, 2,y), c=g"'Fg, « =¢g'Fg, y=9"'9,
defines an isomorphism of S;.; X S;.cp/GT with
S={&a,y)e FU x FU' x G|xFy = yx'} .
Under this isomorphism, TF x T'F acts on S by the formula
(6.6.1) (x, ', y) — @t 'wt, ' 't t7yt"), (¢, e TP x T'F.

Let U'~ be opposed to U’ with respect to T'. Any ge G can be written
uniquely in the form g = u,n,u}, with withu,e UN n,U' " n;*, n,€ N(T, T')
(see (6.1)), uye U’; this follows easily from Bruhat’s Lemma. For any
we W(T, T'), let G, be the set of all g € G such that n, represents w. Then
(Gw)wewr,rn 18 a finite partition of G into locally closed subschemes. It has
the property (6.6.2) below, expressing the fact that the closure of a Bruhat
cell is a union of Bruhat cells.

(6.6.2.) For a suitable ordering of W(T, T’), the unions } , = Uw<w G
are closed.

Let S, = {(z, «’, y)e S|y e G.}. Then (S,)wcw,r, i a finite partition of
S into locally closed subschemes, stable under T'F x T'F. It inherits a prop-
erty analogous to (6.6.2), that is, the unions U, <, S, are closed for any w.

The spectral sequence associated to the filtration of S by these unions
shows that, in order to prove that H*(S),, = 0, it is sufficient to prove that
H*(S,)s0 = 0 for any we W(T, T').

Let

H,={¢tteTx T'|t'Ft')" = F(w) tFt)'F(w)},

where w e N(T, T') represents w. Then H, is a closed subgroup of T' x T,
containing 77 x T'?. We define an action of H, on S, as follows. Let
(t, t') e H,; for (z, ', y) € S, define
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ft,t'(x’ xly y) = ('j’ 551’ ?7) ’
where
Z=t"2FluFt'u,'t) ,
T =t"% Fu,) 't Ft' u,t’) ,
¥y =tTyt .
It is easy to check that (%, &', #) € S,, hence f,,: S, — S,. It is also easy to
check that f, .;o fi,. = fryenes for (¢, t) € H,, © =1, 2, hence f;, defines an
action of H, on S,. It is clear that this action extends the action (6.6.1) of
T* x T'F on S,. The theorem now follows from 6.5 and the
LEMMA 6.7. If the character 00" of T" x T'" is trivial on HyN(TF x T'F),
then 0’ = 0oad(F(w)) (as characters of Y(T")).
The subgroup H, of T x T'is the kernel of the composite map

T T X~ o b t- adF'(w)(t’)
Applying the functor Y, we get that Y(H,) is the kernel K of
F
ad (w)(x) Y( T)

By (5.29), the triviality of 66’ on H) N (T7 X T'F) means that, when we view 66’
as a character of Y(T')x Y(T"), it is trivial on (F—1)(K® Q)N (Y(T)x Y (T")).
Since the map F' — 1 is injective, this intersection is
Ker (ad F(w)(z") — «: Y(T) x Y(T') — Y(T))
and the assumption becomes the triviality of 8¢’ on Ker (ad F(w)(z) — x), i.e.,
the identity 0o ad F(w)(6’) = 1.
We will now conjugate (6.2) with the character formula (4.2) to get
quantitative results.
THEOREM 6.8. Let 6 (T%)”, 8' € (T'")". Then
(R}, R}or = #{we W(T, T")" | adw(0') = 6} .
THEOREM 6.9.
6.9.1 _1 , , _ IN(T, T)" |
(6:9.1) TGF] e, Qe = SR
We will prove (6.8) and (6.9) simultaneously, by induction on the dimen-
sion of G.

LEMMA 6.10. If (6.9) holds, for G replaced by Z°(s), where se G is any
semisimple element not contained in the centre Z of G, then

(6.10.1) (Rl RiSer = % {we W(T, T') | adw(d') = 6} + a
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where

& = EseTFnz 6(s)0’ (3_1)< EueGF Qr,d(w)Qrr,s(w) — ——————l N(T, T)" I) .

I GF l unipotent | TFI l T’F |
In particular, (6.9) implies (6.8).
According to (4.2) we have:

(B BE) = e B, 0r Tr(0 RO Tr(ar”, B)

_ 1 R o
=TGR st TEGP T e P00

g’ lsg’eT’'F

X Euezo(s)ﬁ' Qng“l,Z3(s)(u)Qg’T’g”“I,ZO(s)(u) .

unipotent

With our assumption, this can be written as

1 - 1 or— ”N—
@ + —,Ese(;F |Z0( )F| qu EGFF ﬁ(g lsg)ﬁ (g lsg) 1

IGE I semis. 9= sgeT
g/~ 1sg’er’'F
« I N2w(@9T9™, g T'9g")" |
|77 1T |

The formula (g, ¢', n,) — (9, n, »,), » = g’ "'n,g establishes a one-to-one corre-
spondence between the sets
{(g, g" ’ﬂl)e GF X GF X GF ] g—lsge TF, gl—lsgre T!F s
1, € Npow(9T9™, 9'T'9" )"},
{(9, n, m) e GT X N(T, T')F X Z(s)" | g~*sge TT} .

It follows that

Rﬂ, ”’, = a + _1__ 1
B B G| Lirer Z°(s)" |
sV (mg-tsgn-t)- L Z6) |
X c 0(g7'sg)0'(ng'sgn" _1Z%)" |
Ei‘ffaz?;z; 1 1RO T T
=@+ —r Y orr 060 () —L G L
| GF neNg(T, T F I TF| I T:FI
1 e e
~ T T'FI Lincrgirrr e Zanerr OO (ntn ™)

=a+ #{we W(T, T')" | adw(0’) = 6}
and (6.10.1) is proved.

Proof of 6.9. Let G = G/Z; the centre of G consists of the identity ele-
ment. Both sides of (6.9.1) remain unchanged when G is replaced by G; for
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the left hand side this follows from (4.1.1), while for the right hand side this
is easy to check. Hence in order to prove (6.9), we may assume that the
centre of G has a single element; moreover we may assume by induction that
the conclusion of (6.9) is true for G replaced by Z°(s), where se GT is an
arbitrary non-central semisimple element, and for any two F-stable maximal
tori in Z°(s). (To start the induction we may take G to be the group with
only one element in which case (6.9) is clear.) It follows from (6.3) that for
any non-trivial character 6 of T one has (R’, R;,> = 0. Substituting this
information into (6.10), we see that if 77 has any non-trivial character, then
a = 0 which proves (6.9). A similar argument applies when | 7'7| == 1. It
remains to check the special case where | 77| = | T’ | = 1. In this case, we
must have ¢ = 2, and T, T’ must be F,-split tori. In particular, 7 and 7"
are conjugate under G7, hence

#lwe W(T, T")" [adw(0') = 6} = |[W(T)" | = [W(T)| .

Moreover R: and R.. are both equal to the representation of G? induced by
the unit representation of B¥, where B is an F-stable Borel subgroup of G.
It follows that

(1.10) (By, Byy = | BA\G*/B"| = |W(T)| .
Substituting in (6.10) we get (6.9) in this case. This completes the proof of
(6.9) (and of (6.8) by (6.10)).

7. Computations on semisimple elements

The following result describes the Euler characteristic of the scheme
Xrcp. Let 0(G) (resp. o(T)) be the F,-rank of G (resp. T).

THEOREM 7.1.
HXres) = Qrle) = (—1y oo LG,
Ste(e) | T |

(Here St is the Steinberg representation of G 7, identified with its character.)

We may assume that the centre of G is reduced to a single element and
that the statement is true when G is replaced by Z°(s), where s€ G” is any
non-central semisimple element.

We first assume that 77 has a non-trivial character . The Steinberg
representation occurs in Ry, = Indj»(1) (T* < B* as in 1.8), hence, by (6.3),
it does not occur in R%: (R%, St;> = 0. It is known that

(—1) @28t 0,,(e) , ge G semisimple

St =
o(9) 0 , ¢¢€ GT non-semisimple .

If we use 4.2, it follows:
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P a(20(s St 0(s (6) _ _
EsegF (—1)@meien IZZO(( ))F! EgiiieT Qure—1,20(€)0(97'59) = 0
(sum over the semisimple elements s of GT).

By our assumption, we may substitute

—1, 705 = (—1)°Z%n—a(T) I ZO(S)F |
QyTg »Z( )(e) ( ) Stzo(s) (e) I TFI

b

for all s = e:

(— 1)@
—I_W—Es;alw EgeGF Fﬁ(g“sg) + Ste(e)Qr,0(e) =0,
sFe g—lsgeT
( l)o(G) a(T) || ?_'F| EteTF 0(t) + Stg(e)QT 0(3) =0.

Since the character 6 in non-trivial, )
formula for Qs ¢(e) follows.

In the case where | T7| = 1, T must be an F,-split torus and ¢ = 2. In
this case, Qr +(¢) = |G"|/| B*"|, where B* is any F-stable Borel subgroup
(1.8). This agrees with the statement of the theorem and ends the proof.

0(t) = 0 and the desired

terF

COROLLARY 7.2. For any semisimple element s € G7,

Tr(s, R}) = (—1 o@en-ory 1 (97 'sg) .
(S T) ( ) Stzom (e)l TFI Egiﬁ’;”,a (g Sg)

This follows from (7.1) and 4.2. An equivalent statement is:
ProprosITION 7.3.

(=19 RI R St = Indsr (0) .
PROPOSITION 7.4. If 0 ts a non-singular character of TF (5.19) then

(— 1) @M RY can be represented by an actual G*-module. If 0 is in general
position (5.15), (—1) 9T RY is irreducible.

By embedding G in a group G, with connected centre and the same
derived group, as in (5.18), we reduce to the case where 6 is in general posi-
tion. It remains to use (6.8) and (7.1).

PROPOSITION 7.5. Let s€ G be a semisimple element. The character of

(7.5.1) Sta( ) E E()e(TF)V 0(s)"(—1)"@—"T Ry,

equals | Z(s)" | on elements conjugate to s in G¥ and zero on all other elements
of G*.

Let ¢ be the character of (7.5.1) and let £’ be the class function on G*
defined by
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| Z(s)"|, ¢ conjugate tosin G7
0 , otherwise.
In order to prove that ¢ = ¢ it is sufficient to prove that
) =y py = <y ) (see (0.3)) .
We have (¢, 'y = | Z(s)" |; from (6.8) we see that

1) = St s} ( ¥ E; . Egre(Tpr);vﬁ(S‘l)ﬂ'(S)#{ne N(T, T')" adn(0')=0}| T* [

1(9) =

0 -1 0 =1 F -1
= Sty (S)z E?J:&«mv (s™)0(nsn™") | T |

nsn_leT

g{T>os,ne G"|sn = ns
= S }

|SZt(i))Zl # {F-stable maximal tori in Z°(s)} = | Z(s)" |

(by [15, Cor. 14.16]) .
By (7.2), we have

AN —1 ( -1
</"7 #> - #(8) - St(;( ) Es€TEn9€(TF)V (S )Stzo s)(e)l Tpl EziliggTFﬁ(g Sg)

= TF | 0(s™)0(9's
Sta( )z EsengigZETF[ I ( ) (g g)

— F —
= St )2#{Ti—>s 9eG"|sg = gs}

- le(i))zl # {F-stable maximal tori in Z°(s)} = | Z(s)" |

and the proposition is proved.

—o(20
_1)0(67) a(Z%(8))

COROLLARY 7.6. For any p € R(GT) and any semisimple element s € GF,
(7.6.1) Tr(s, 0) = 2 EMMV O(s)(—1)" @, REY .

Sta( )

In particular, tf s€ G¥ and is 'regula/r semisimple, contained in a unique
torus T,

(7.6.2) Tr(s, 0) = E(,e(,p)v 6(s){o, R7) ,

(7.6.3) dim p = S e (=190, RE

Sta( )

COROLLARY 7.7. For any irreducible representation o of G there exists
an F-stable maximal torus T and a character 6 of T such that {p, R}) # 0.

This follows from (7.6.3).
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DEFINITION 7.8. An trreducible representation o of G is said to be
unipotent if {0, Ry> # 0 for some F-stable maximal torus T.

By (6.3) and (7.7), o is unipotent if and only if (o, R?> = 0 for any
F-stable maximal torus T and any 6e(TF)’, 6§ += 1. For example, any
irreducible component of Ind§7r (1) (B*" an F-stable Borel subgroup) is a
unipotent representation. For unipotent representations, (7.6) becomes:

PROPOSITION 7.9. Let o be a untipotent representation of G* and let
se G” be a semisimple element. Then

Tr(s, p) = >, (—1)y@D{o Rb .

1
Sta(s) seT
In particular, if s€ G* is regular semisimple contained in a unique maxi-
mal torus T, Tr(s, o) = {p, Ry and

. 1 (@) —a 1
dim p = =5 2 (21770, By

It follows that if B is an F-stable Borel subgroup of G and T is an F-
stable maximal torus in B, we have Tr(s, 0) = <o, Ind7(1)); in the case
where (p, Ind4r(1)> = 0, this is a result of Curtis, Kilmoyer and Seitz (see
C. W. Curtis, On the Values of Certain Irreducible Characters of Finite
Chevalley Groups, Ist. Naz. di Alta Mat. Symp. Mat. XIII, 1974, 343-355).

PROPOSITION 7.10. Let G* be the adjoint group of G. Then, the restric-
tion to G of @ unipotent representation of (G*)" is irreducible; non-isomor-
phic unipotent representations have non-isomorphic restrictions; and every
untipotent representation of G is such a restriction.

It suffices to check that, if g, 7 are unipotent representations of (G*)”,
then (o, 7)gar = {0, THgr. Let G, be the image of G” in (G**)*. One has
(0, TYer = (0, TDg, = (Indi"" (Res 0), T)guar
= Eﬂe(G&dF/GfV)V <0 ® 0! 7‘->GadF .

By the exclusion theorem 6.3 and (1.23), (1.27), (6 ® 0, T)gaar = 0 for § + 1,
hence the proposition.

PROPOSITION 7.11. Let o be a virtual representation of G* such that
Tr(su, p) = Tr(s, p) for any s € G* semisimple, w € G* unipotent, su = us.
Let T be an F-stable maximal torus and let 0 be a character of T. Then

(0, Rp)gr = (=1)"D7"0 ® Stg, Riyer = 0, O)rr .

The Steinberg character is integral valued, hence by (7.3),



144 P. DELIGNE AND G. LUSZTIG

(1)@ (0 @ Sta, Bhor = (o, (— 1) 8t, @ Bor
= (o, Ind§r (0))er = {0, O)rF .
We now prove the identity

(7.11.1) {p, Rt)er = <0, 0)rr .
The special case of this identity
(7.11.2) {1, Rpyer =1

follows from the fact that the Euler characteristic of X,_;/G* (Which is the
same as the Euler characteristic of {ge G| g 'Fge FU}/G* x TF = FU/T*
by (1.17)) equals 1. If we use (4.2), (7.11.2) can be written in the form

1
(7113) W EseG}’ W Egegi' r Eue%o(s)i' Qngwl,zO(s)(u) =1.
semis. g—lsge unipotent
This implies, by induction on the dimension of G, that
7.11.4 _1 ,
( ) l GF l E::si%gtent QT G( ) l TF ‘
Indeed, by substituting (7.11.4) in (7.11.3) we find a true identity:

1 1
| G* | Enf | TF|

We apply (4.2) again and use (7.11.4) to compute:

SRS er = —1 RS S
0 Rtyor = 1wy Linear T

X EgEGF EuEZO(S)F QgTy_l,ZO(s)(u)ﬁ(g_lsg)_lTr(sy P)

#{geG"|g7'sge T} = 1.

O perr T iniEotns
= |GF Ez:;ﬁfl Egif’;‘j” | TFlﬁ(g“sg) 'Tr (s, p)
= l—é—p—[ 2 err 0 T2 (t, 0) = {0, O)rr .
PRrOPOSITION 7.12. Let o be as in (7.11). Then
(7.12.1) 0= = eudl T)F 2 v wrr {0y O)rrRY
(7.12.2) o ®Ste =2, %—‘Ti 2 vewr~ {0 0)rrRY

where Y, means swm over all G'-conjugacy classes of F-stable maximal
tors T.

The character of o ® St is a linear combination of the form Y . , ¢ oR?
(sum over all G-conjugacy classes of pairs (7, 6)). The coefficients c,,, are
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determined by (7.11) and (7.12.2) follows.

Now let o’ (resp. 0”) be the right hand side of (7.12.1) (resp. (7.12.2)).
We have clearly

(7.12.3) P’y 07 =<0, 07
and by (7.11),
(7.12.4) (o, 0" = {0 & Stg ") .
We note also that
(7.12.5) <o, 0 = {0 & Ste, p @ St -

This follows from the fact that the number of unipotents in Z°(s)” equals

Stg(s)* for any semisimple element se€ G7 (see [15, Thm. 15.1]). By (7.12.2)
we have

{(p® Sty — 0", 0Q Stz — ") =0.
This, together with (7.12.3), (7.12.4) and (7.12.5) implies:
o—p,0—p>=0,
hence
p=p0.
Remark 7.13. It is known that

—_ ,_—1.— F
{0, ODer = 224 TV {0, 0>z

(N. Kawanaka, A theorem on finite Chevalley groups, Osaka J. Math. 10
(1973), 1-13); this could be also deduced from (7.12.1) and (6.8).

COROLLARY 7.14.

14.1 1= 1 R,
(7140 2 [Ty
—1 a(G)—a(T)
(7.14.2) Ste = E(T) '(|I/V)(—T)F[_— T

In particular,
<Sta, R1T> = (—1)0(0)—0(T) .
Here is an alternative proof of (7.14.1). In the language of (1.4), (7.14.1)
asserts that
Ewele(w) = |W[ 1.

Since (X(w)).,.w is a partition of the flag manifold into locally closed
subschemes, we have
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Zew B(w) = X (-1 H(X,)
as virtual representations of G¥. The action of G¥ on X, is the restriction
of the action of the connected group G; by (6.5), GT acts trivially on H*(X})
and it remains to use the fact that the Euler characteristic of X, equals | W .

COROLLARY 7.15.

__1)e(G)—a(T)
(7.15.1) St = Yo, %W_Indgf; ),
(1.15.2) St ® Ste = X0, IW(IW Ind$F (1) .

This follows from (7.1) by tensoring with St;, and using (7.3). The
formula (7.15.1) is due to B. Srinivasan (On the Steinberg character of a
finite simple group of Lie type, J. Australian Math. Soc. 12 (1971), 1-14).

8. Induced and cuspidal representations

8.1. Let P be an F-stable parabolic subgroup of G and let 7' P be an
F-stable maximal torus. We denote by U, the unipotent radical of P. The
quotient group P/U, is a connected reductive algebraic group acted on by F'.
Let m: P— P/U, be the canonical projection. m induces an isomorphism
T — 7(T) hence also an isomorphism 7% — 7(T)*. Let 0 be a character
of T7 and let @ be the corresponding character of #(T)". We denote by R?,
the image of the virtual representation R, of (P/U,)" under the canonical
embedding R((P/U,)")cR(PF). With these notations, we have the following
generalisation of 1.10:

ProrosiTION 8.2.
R} = Ind%r (RS.,) -
We choose a Borel subgroup B in G such that T B< P. Let @ be the

set of all parabolic subgroups P’ in G such that P’ and P are conjugate under
G7; this is a finite set. We have

XNTCB = HP’eg’X(P’)
where

XP)={9geG|g'Fge FU, gPg™' = P'}JUN FU,
with U the unipotent radical of B .

(Note that g7'F(g) € F'U implies F(gPg™") = gPg™'.) Let P'c 9 andlet g, G*
be such that ¢,Pgi* = P'. If ge G, g7'F(g9)e FU, gPg™" = P’, we have

g'ge P, (97'9)'F(9r'9)e FU ;
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by sending ¢ to m(¢9i'g) we get an isomorphism X(P’) 5 X It
follows easily that the G*-module Hi(X ,.,) is canonically isomorphic to the
G*-module induced by H{X .7)x») regarded as a P'-module; moreover this
isomorphism is compatible with the action of T7. The proposition follows.

THEOREM 8.3. Let T be an F-stable maximal torus in G such that T is
not contained in any F-stable, proper parabolic subgroup of G. Let 0 be a
non-singular character of T (cf. 5.19)). Then (—1)° DR} can be repre-
sented by a cuspidal GT-module.

Applying (7.5) for s equal to the identity element of G*, we see that the
regular representation of G” is equal to:

Ind?” (1) = s B, Sieian (~170 RS
c\é

We apply this formula with G replaced by P/U, (P as in (8.1)); we then
regard the regular representation of (P/U,)" as a representation of P* on
which Uf acts trivially (i.e., as Indf¥ (1)) and we induce it to G

Ind?r (1) = IndgF (Ind7F (1))

Il

= i) Zreror Doewny (Z17 00T Indik (BE)

where RY. is regarded as an element in R(PF) in the natural way. We now
use (8.2) and the fact that any F-stable maximal torus T’ in P/U, can be
lifted to an F-stable maximal torus T in P in precisely | U/ | different ways:

(8.3.1) Indf}% 1) = St o) ( ) Y ey Sope iy (— 1) OTIDRE
olé

If P+ G and T is as in the statement of the theorem, we see from (8.3.1)
and (6.8) that

(8.3.2) =1y @2 R:, TndGs (1)) = 0 for any fe (T7)”
P

If 6 is non-singular, (—1)°@ " R’ can be represented by an actual G*-module
(7.4). This Gf-module is cuspidal by (8.3.2).

9. A Vanishing Theorem

9.1. Let G be a reductive algebraic group over k. Let w = s, --- s, be
a minimal expression for an element of the Weyl group W of G (0.4). The
following desingularization of the closure O(w) of O(w) = X x X (1.2) has
been considered by H. C. Hansen [6] and M. Demazure [3].

DEFINITION 9.2. O(s,, -+, 8,) s the space of sequences (B, +-+, B,) of
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Borel subgroups, with B,_, and B, in relative position e or s;.

The maps
O(syy +++, 8) —O(s;, +++, 8,) —> +-» —0( )= X
express O = O(s,, ---, s,) as an iterated fibre space over X, with fibre P*

(1.2). The subspace D, = O where B,_, = B, is the inverse image of a section
of O(s, ++-, 8;))— O(s;, +++, s;_,); it is a smooth divisor, and D= |J D, is a
divisor with normal crossings. The map (B,, - -, B,)— (B,, B,) induces an
isomorphism O — D — O(w), and hence maps O to O(w): O is a resolution of
singularities for O(w).

9.3. Let T*, B* and U* be as in (1.7). For any character »: T* — Gu,
the T *-torsor E over X defined in (1.7) gives rise to a line bundle E,, provided
with \: E— E, such that A\(et) = Me)\Mt). For e N(T*) with image w in
W = N(T*)/T*, the w-map of T*-torsorsover O(w) C X x X constructed in
(1.7) induces an isomorphism

V(ab): prit By — prf Ernaw = T8 By

which makes the following diagram commute:

prx E LN pri¥ E

12 iw‘l(l)

L
pr* K, ‘_(@’ pry By -

We will investigate its behaviour at infinity.

9.4. Let X(T*) be the character group of T* and let Cc X(T*) ® R
be the fundamental chamber (corresponding to B*). If C, and C, are two
chambers, we write D(C,, C,) for the intersection of the (closed) radicial half
spaces containing both C, and C,, and D°(C,, C;) for its interior.

PROPOSITION 9.5. Let O(w)’ be the normalization of the closure O(w) of
O(w) in X x X. The map ¥(): pr} E;, — pri E,—;, extends over O(w) if
and only if ne D(C, —wC). It vanishes outside of O(w) if and only if
xe DY(C, —wC(C).

Let us consider W(w) as a rational section of pri E,-+ @ pry E,—; it
suffices to prove that, with the notations of (9.2), for each 7, the order v, of
W(w) along the divisor D, c O(s,, - -, s,) is = 0 for A& D(C, —wC), >0 for
xe D(C, —wC). The convex region D(C, —wC) is the intersection of the
radicial half spaces containing C but not wC. Put w;, = s, --- s,. The gallery
(C, w,C, w,C, -, wC) connects C to wC; its walls are all the radicial hyper-
planes that separate C and wC. The wall between w,_,C and w,C is defined
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by the root w,_,(«;), where «; is the simple root corresponding to s;; C and
w,;_,C are on the same side of it. The convex region D(C, —wC) is hence
defined by the inequalities

<#’ Hwi_l(ai)> g 0.
(Recall that H, denotes the coroot corresponding to a root «, cf. (5.1).) We
will prove that
(9'5'1) v, = <7\’7 Hwi_l(ai)> .
Let us lift the decomposition w = (s, - - - 8;_,)8:(8;4, * + + 8,) into a decomposi-
tion w = w,_$,w; in N(T*). We have
V() = V(W)W ()Y (;-,) -
When we aproach a general point of D,, the isomorphisms ¥ (%;) and ¥(w,_,)
extend, and we are left to prove that the order along D, of
W(s): Ewi—_ll(u - Ewi—lm

is

<7\"7 Hwi_l(ai)> = <wl_-}1(h)y Hai> !
we are reduced to the case where w is a fundamental reflection: all computa-
tions occur within a minimal parabolic subgroup P, or P/U;, or the derived
group of P/U,, or its universal covering SL(2). Let us make a direct check
for G = SL(2), w # ¢ and )\ the fundamental weight.

(a) We take SL(2) in its obvious representation %°’, T'* = diagonal
matrices, B* = upper triangular matrices. The weight \ is

0 ot

(b) X = P!, the space of homogeneous lines of %* and the fibre of K, at
2 is the corresponding line.

(¢) Up to a scalar, W(u) associates to u € (£)), the linear form u A v on
(E)),, for x = y. It vanishes simply for y — x.

a *
( )F——»a, and A H)y=1.

9.6. The assumptions (0.1.1) are in force from now on. Under the
assumptions of (1.8), we have

F*E, = Ey.; (Where F'*\ = Mo F) .

On the inverse image X(w') of the graph of the Frobenius map F: X — X in
O(w)’, the line bundle pr} E;* Q pry E,-1, is hence isomorphic to

pr¥(Epa—1-2) -
It will be ample if E;.,—1;_; is ampleon X, i.e., if F’*w™ A — Ae —C°. Onthe
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other hand, if A e D° (C, —wC), the section W(w) of it has as zero set the
complement of X(w) in the projective variety X(w)’. If both conditions can
be simultaneously fulfilled, then X(w) is affine. In terms of ¢ = —w™()\),
the conditions read
(9.6.1) re D(C, —w™C),
(9.6.2) F*u —wpe C°.

THEOREM 9.7. If there is pre X(T*) ® R satisfying (9.6.1) and (9.6.2)

then X(w) is affine. As a consequence,X(w) is affine as soon as q is larger
than the Coxeter number h of G.

It remains to prove that if ¢ = &, then some g satisfies (9.6.1) and (9.6.2).
The first condition will be fulfilled if e C°, that is, if (¢, H,> > 0 for each
simple root «. We take g so that (¢, H,> = 1 for each simple root &«. We
then have (Fy, H,) = q, and {wg, H,) = {¢t, w'H,y. If H= ), n,H,is the
highest coroot, Y ,n, =k — 1 and

(Fﬁ—w#,HQﬁq—(#,H):q—h—|—1>0,
hence (9.6.2).
THEOREM 9.8. If the character 6: T(w)" — Q; is non-singular, then
H (X (), Qo — H*(X(®), Q) -
COROLLARY 9.9. If X(w) ts affine and 0 is non-singular, then
H{(X(w), Q)o=0  for i+ l(w).

Let us deduce (9.9) from (9.8). With the notations of (1.9), (9.8) means
that

(9.9.1) HX(X(w), F,) — H*(X(w), Fo) .

If X(w) is affine, then H*(X(w), Fy) = 0 for ¢ > dim X(w) = l(w) ([10, XIV,
3.2]). The sheaf ¥, is locally constant, its dual is ¥, and X(w) is smooth
and purely of dimension {(w). By Poincaré duality, H(X(w), F,) is dual (up
to a twist) to H*™ % X(w), F,~), hence vanishes for 2l(w) — 7 > l(w), i.e.,
for © < l(w). This proves the corollary.

9.10. We first construct a nice compactification of X(w). Let w=s,-:-s,
be a minimal expression for w. We define X(s,, - -+, s,) to be the space of
sequences (B,, - - -, B,) of Borel subgroups of G, with B, = FB,and with B,_,
and B, in relative position s; or e. It is the inverse image of the graph of
Frobenius by the map

a: (B, -+, B))— (B, B,): O(s,, +++,8)— X x X .
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In other words, if ' =— X x X is the inclusion in X X X of the graph of
1 —
Frobenius, it is the fibre product O X 4, I':

X(syy v+, 8,) ——T

l I

O(syy +++,8,) — X x X

LEMMA 9.11. T is transverse to O(s, - - -, ), as well as to any intersection
of the divisors D,. The fibre product X(s, - --, s,) s hence a smooth com-
pactification of X(w), with a divisor with normal crossings (sum of the
traces D, of the D,) at infinity.

We will show that I' is transverse to any smooth G-equivariant scheme
m:Y— X x Xover X x X (with G acting diagonally on X x X); that is, if
n(y) e T, the sum of the tangent space to I' at 7(y) and of the image of dx is
the whole tangent space of X x X at 7(y). Indeed

(a) the tangent space of I at w(y) is Ty x {0};

(b) the image of dz contains the image of Lie (G) by the derivative at
e€ G of g—gny (by the equivariance of Y'). Since the space X is homogeneous
with reduced stabilizers this image projects onto Ty by the second projection.

9.12. We now investigate how the covering X (1)) (With structural group
T(w)”) ramifies along the divisor D,. The structural group being of order
prime to p, the ramification is tame. On each connected component of D,, it
gives rise to a homomorphism z,: 2(1) — T(w)".

Let 2(t)e X(s,, - -+, s,) be a one parameter family with «(0) a point of D,
(not on any D;, j # 1), and with the tangent vector #(0) transverse to D,.
In technical terms: for S = spectrum of the Henselization of k[¢] at (¢), x is
a morphism x: S— X(s,, - - -, s,) such that the closed point ¢ = 0 is mapped
to a point of D, not onany D;, 7 = 7, and that the inverse image of D, is the
reduced scheme ¢ = 0. Put a(t) = (By(¢), - -, B,(t)) and let E; be the pull
back by ¢ — B,(t) of the T-torsor E on X (1.7). If we factor w as in 9.5,
the isomorphism W(uw): E,— E, (over the generic point of S) factors as
V(W) = V(W)Y (S,)(Pw,_,) and V(i,_,) and V() extend over S; ¥(s,) doesn’t;
rather, the composite x — W(3,)(xH_,(t)) does (9.5), hence W(1) is of the form

V(W) (&) = Wo(rH,, _w(t))

where V. E, - E, extends over S. The pull back under x of the T(w)"-torsor
X (), to the generic point of S, is given by the equation

(9.12.1) F(u) = Vy(uH,, () -

Let u, be a solution, over S, of the equation
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F(uo) = Wi(u,)

(this exists, because S is strictly Henselian and F and ¥, extend over S);
if we put u = wu.y, (9.12.1) becomes

(9.12.2) yadwF(y) = Ha,_.)(8) .
In other words:

LEMMA 9.13. The T(w) -torsor X () ramifies along D, in the same way
as the pull back under H,, ., Gn— T of the Lang covering of T(w) ramsifies
at 0.

The tame fundamental group of G, is Zp,(l), that of T is Y, (1) (for ¥
the dual of the character group of T) and H, _ ., induces > xH,, "
2,,,(1) — Y, (1). The Lang covering of T(w)" gives rise to the map
Y, (@) — T(w)" described in (5.2). Hence the pull back (9.13) corresponds to
the composite

> Hw‘_ aji A
Z, (1) =522 Y1) — T(w)” .

For @ a character of T(w)", F, will ramify along D, if and only if ¢ is
not trivial on H,,  ,Z,(1). In that case, all higher direct images R*j,J, of
Fs (2 = 0) under j: X(w) — X(s,, -+, s,) will vanish on D,. In particular, we
have

LEMMA 9.14. If 0 is non-singular, j.F, = 7, F, (extension by zero) and
Rij .5y =0 for ¢ > 0.

Proof of 9.8 (in the guise 9.9.1). By (9.14), the Leray spectral sequence
for j reads

H*(X(s,, -+, 8,), 41 Fo) — H*(X(w), Fo) .

The space X(s,, - - -, s,) being a compactification of X(w), the left hand
side is by definition H*(X(w), F,).

Remark 9.15.1. By using arguments parallel to those of (1.6), one can
show that the conclusion of (9.9): “for 6 non-singular, H(X (1), Q)s = 0 for
1 # l(w)” holds true as soon as there is w’ in the F-conjugacy class of w such
that X(w’) is affine. The criterion (9.7) can be used to check that this is
always the case for the classical groups and for G, except the case (G,, ¢ = 2,
w = Coxeter) for which a different method applies.

Remark 9.15.2. Let (T', ¢') be maximally split (5.17); under an isomor-
phism T(w) — T’ (inducing T(w)” SEREN T'7), as in (1.18), 6’ becomes a char-
acter 6 of T(w)”. Proposition 5.24 and the proof of the Induction Theorem
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8.2 show that the conclusion of (9.8) still holds for #. The same applies to
9.9).

THEOREM 9.16. If ue G* is a regular unipotent element, then, for any
F-stable maximal torus T, we have Qr o(u) = 1.

We must prove that for any we W, Tr (v, H*(X(w))) = 1. We know that
Tr(u, H}(X(w))) is an integer, and that
Zew Tr(u, HY(X(w))) = |W |
(see (7.14) and its proof). Hence it suffices to prove the

LemMMA 9.17. Under the assumptions of (9.16), Tr(w, H}(X(w))) > 0, for
any weW.

Take w = s, - -+ s, as in (9.10) and let X(s,, - - -, s,) be the corresponding
compactification of X(w). For P [1, n] we write D, for the intersection, in
X(s,y +++, 8,), of the divisors D, (i € P) (9.11). For P= @, D,is X(s,, -+, 8,).
The additivity property of cohomology with compact support shows that

9.17.1) Tr(u, H*(X(w))) = > pcp .y (=P Tr (u, H*(Dy)) .
Let b be the unique fixed point of w in X. Then a = (b, -- -, b) is the
unique fixed point of % in X(s,, :--, s,); it is contained in each D,. The

variety D, being smooth and compact, Tr(u, H*(Dy)) is just the multiplicity
of the unique fixed point @ of u acting on D,; to compute it, we may replace
D, by its completion D, at a. Let (x;) be a formal coordinate system for
X(s,, * -+, 8,) at @, such that z, = 0 is an equation for IA),.. In terms of these
coordinates, » maps the point with coordinates z,, - - -, x, into the point with
coordinates P(x,, +--, x,), *++, P.(x, -+, x,), for some formal power series
P,. Since the divisor D, is preserved by u, P, is divisible by z,. The jacobian
matrix of u at (0, - - -, 0) is hence diagonal;  being of order a power of p, it
is the identity, and we have

P, =z(1+ Q).
with @,(0, ---, 0) = 0. The fixed point scheme of u is given by the equations
lez = 0.

Let E; be the divisor @, = 0. It is non-empty. The formula (9.17.1) can
be rewritten

Tr(u, H{( X)) = Xy (17 IL., Di ;. (D + E))
= EPCQC[I,n] (—1)IP| HieQ D, Hin E:f
= EQC[I,n] (EPCQ (_l)IPI) HieQ ‘Dl Hjeq EJ'
= Hj Ej >0 ]
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(the product of n divisors stands for the multiplicity of their intersection).

PROPOSITION 9.18. Let s€ G be a semisimple element. Let v be the class
function on G¥ defined by:

F
| Z°Z°(s)" | q”ZO“’”% ,  if g€ GF is regular with semisimple
s
wg) = part conjugate in G¥ to s
0 , otherwise .

Then v is the character of
1 -1
1 ZO(S)F | EZGT | TF | Ec9e(TF)V 0(8) R;)' ¢
(Here Z°Z"(s) is the connected centre of the connected centralizer of s, and
(Z°(s)) is the semisimple rank of Z°s).) The proof is similar to that of (7.5);
it uses (9.16) and (4.2) instead of (7.2).
For any p € R(G") we have
0 0 F
(9.18.1) (o, vy = 'TZ‘Z%S)TI" D s O5)
where A(s) is the set of regular unipotent elements in Z°(s)”.

COROLLARY 9.19. For any o € R(GF), the average value of the character
of 0 on the regular elements in G with semimple part s, equals
1 1
TGy v T O O = iy g [T 1 2eam 0000 B -
This follows from (9.18), (9.18.1) and the following lemma.

LEMMA 9.20. The number of regular unipotent elements in G* equals
|GT /| Z°F | ¢

(Here Z° is the connected centre of G and [ is the semisimple rank of G.)

To count regular unipotents in G, we observe that any such element is
contained in a unique Borel subgroup and then count the regular unipotents
in G” contained in a fixed F-stable Borel subgroup.

10. A decomposition of the Gelfand-Graev representation

10.1. Let (G¥)” be the set of isomorphism classes of irreducible repres-
entations of G? (over Q,). For any pe(GF)”, there exists an F-stable
maximal torus T and 6 (TF)” such that <o, R}) =+ 0 (7.7); moreover the
geometric conjugacy class [0] of (T, 6) (see 5.5), is uniquely determined by e
(6.3). We thus get a well-defined surjective map

(10.1.1) (GF) — §
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where S is the set of all geometric conjugacy classes of pairs (T, 6).

10.2. In the rest of this chapter we shall assume that the centre Z of
G is connected. Let T*, B* be as in (1.8). Let U* be the unipotent radical
of B* and let U* be the subgroup of U* generated by the root subgroups
corresponding to non-simple roots. The quotient U*/U* is commutative and
is a direct product over the simple roots a: T], U, with U} one-dimensional.
Let I be the set of orbits of F on the simple roots. For any 1€ I, let U* =
II..,U%; then U*/U* = I],.,U*. This decomposition is F-stable, hence we

iel K
have also U**/U*" = [],., U*".

We consider the Gelfand-Graev representation I'; = Ind¢ir () where ¥ is
any character of U*" which is trivial on U** and defines a non-trivial char-
acter of U*” for all 1€ I. All such y are conjugate under T*7, since Z is
connected, hence the G"-module T';, is well-defined up to isomorphism.

Let A, be the class function on G which equals | Z7 | ¢' on any regular
unipotent element in G* and vanishes on all other elements. (I is the semi-
simple rank of G.) The following result shows that this is the character of

a virtual representation of G” (which will be also denoted by A,):

PropPoSITION 10.3. For any subset J C I, let P(J) D B* be the parabolic
subgroup generated by B* and by the root subgroups corresponding to minus
the simple roots in F-orbits in J. Let L(J) be P(J) modulo its unipotent
radical. Then
(10.3.1) Ay =3, (=)' Ind%0r (Tr) -

(Note that the centre of L(J) is connected, since that of G is, hence I';;, is
well-defined.)

Remark 10.4. The following identity is a formal consequence of (10.3.1):
Iy = EJC[ (=1)! Ind%)l’ (A -

10.5. Proof of 10.3. For any subset J < I, let C(J) be the set of char-
acters y of U*" with y | U*" = 1 and such that y induces a non-trivial char-
acter of U* (1€ I)if and only if 1€ J. It iseasy to see that, for any y € C(J),
we have

Indg(FﬁF TCry) = Ind§ () -

Let u,e U*" be a fixed regular unipotent element; in other words, the image
of u, in UX*T is non-zero for any 7€ I. It follows that

2 reewn X(to) = (="
Hence (10.3.1) is equivalent to:
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(10.5.1) Ao = Tpe0 1uo) Indée (X)
where C = [J,c;C(J). The character of the right hand side of (10.5.1)
vanishes at non-unipotent elements. Its value at we U*7 is:

(10 5 2) | U*F |_1 Eg—e—?i' oot EZGC’ X(g—luguo)

=g | U | #{9e G |g'uge U**, g"'ugu,c U} .
This is zero unless u € U*" is regular unipotent; we now assume that . € U*% is
regular unipotent. For any g € G* with g"'uge U*", we have we B*NgB*g™;
but B* is the only Borel subgroup containing %, hence ge B**. If g = tu/,
te T*", w' e U*", the relation g~'ugu,e U*" determines ¢ uniquely modulo
Z" and leaves u’ arbitrary. Thus the expression (10.5.2) becomes
¢ U127 | U = 27| g,
and (10.3) is proved.
We shall now prove the following

LEMMA 10.6. Let M be a virtual representation of G* such that
(M, M) =|Z"|q¢" and (M, Ry =¢; = %1
for any F-stable maximal torus T < G and any 6€ T F. Then
M=73 s0.M,

where 0, = 1 and M, are distinct irreducible representations of G* such
that

0

fH
== 0 Egoé’z; L ED

Let {M} be the set of all pe (G7)” such that {o, M) # 0; {M} has at most
| Z™| ¢' elements. By our assumption and by 5.7(i), the map {M}— § (the
restriction of (10.1.1)) is surjective. Since |S| = |Z7|¢' (5.7), it is bijective
and {M} has exactly | Z7|¢' elements. Let M, e {M} be the element corre-
sponding to x€ & under this bijection; we must have M = ENS o,M,,
o, = *x1, since (M, M) = |{M}|. If (T, 6) is such that [¢] = x, we have
(M, R?) = 0.{M,, R7) = ¢t ;
from the orthogonality of the R%’s (6.8) we have
/)
M, = o, — T R, -+ M,
Lt T, TS

where M, is orthogonal to all the R?’s. It remains to prove that M,=0. Since
M, is irreducible, this would follow if we prove that <M, — M, M, — M,> =1,
we certainly have (M, — M,, M, — M,> < 1, hence it is sufficient to prove
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that
E:ceS <Mz - Ma,:y M:c - M:ﬁ> = [ZF|ql

or, in other words, that

E(Tﬂ)F <R > [ZF|ql-
By (6.8), this is equivalent to the identity
p | T =12"|q",

modgF IW(T)F|
which is the same as

1

|W |

where w is regarded as an automorphism of the lattice X, = X(T/Z) and 7 is
defined by F'* = q-z7". The last identity (compare Steinberg [15, p. 91]) can
be written as

2 wey det (¢ — wr) = ¢!

Eogisl (= )ql ; Wl— }:wew (?/UT, A‘i(XO)) =q

and follows from the fact that A*(X;)W¥ = 0 for < > 0 (5.8).
THEOREM 10.7. We recall that Z is connected. Let x €S, and ' be a
representative of the corresponding semisimple conjugacy class in the dual

group (5.24). We define o, to be the Frank of the centralizer of «'.
(i) The formulae

__1)o(@)—0
(10.7.1) 0. =, 0)modGF(_1)_”_‘T_’ y
s (R%, R?)
and
’ o(G)— 1
(10.7.2) 0, = (—1)9~% E[(;,]&modap BRI R RS

define irreducible representations of G*. The | ZT | q' elements o, € (GT)”,
xe s (resp. 0. (GF)", x€8) are distinct. The maps x +— 0, x — 0., are two
cross-sections of the map (10.1.1).

(i) Ome has

—1 a(G)—a(T)
(10'7‘3) FG = EzeS 10:0 = E(T,ﬂ)modGF%:R—rgr;— T
(10.7.4) D DI G5 LU A A ——

(R7, Ry
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(iii) Assume that all the roots have the same length. Fix (T, 0) in the
geometric conjugacy class x, let S be the connected centralizer of (T, 6) (5.19)
and let 05 be the corresponding character of S¥. We have

(10.7.5) 0. @ St = Indér (05 @ Sts X Sts) .
(10.7.6) 0, ® St, = Indif (s ® Sty) .

(iv) Let S* be the centralizer of '. We still have
10.7.7 dim o, = LGT/Sta(e) -Sts.(e) ,
1077 MO T St (o)
(10.7.8) dim o, = LG /Sts(e)

| S*7 /Sty (e)
If we tensor the right hand side of (10.7.1) by St; we find (by 7.3):

(10.7.9) > Ind$7 (6) .

tzjzzm“”@ffaﬁ

Let us first assume that all roots have the same length. By 5.14(ii), the
GT-conjugacy classes of pairs (T, 0), T c G, with [] = 2 are in one-to-one
correspondence with S”-conjugacy classes of pairs (T, 5| T'), with T’ an
F-stable maximal torus in S. Moreover, by 5.14 (i) and (6.8), we have
(R}, R}y = |Ws(T")"|. Thus the expression (10.7.9) equals

1 | F 1 F F
o e Indf e (05 | T') = 30y ———— Indgr (Indf'r (1) ® 0
L Ty O = Ly, Wy r (Indirr ) @)
— of o SF
= Indgr <Em [ Wo(T")| 1nds ) ©0)

= Ind¢r (fs ® Sty ® St), by 7.14.

Similarly, by tensoring the right hand side of (10.7.2) by St;, we find

mat (55, e

s Ty

In general, the G-conjugacy classes of pairs (7, ¢), with [] = z, are in

one-to-one correspondence with the G*7-conjugacy classes of pairs (71", ¢'),

with 6’ conjugate to «’ (5.24), i.e., with the S*’-conjugacy classes of pairs
(T, "), (T' = S*). The dimension of 10.7.9 is that of

1 «F
ot I dG'/ 1
Sres gy

(because | G**| = | GT]), while that of (10.7.2) ® St is

(
2 Ty

. 1)0(3)—a(r)

Inds’r (1) ® 0S> — Ind%f (05 @ Sts), by 7.14.

—(T"
__1)0(3) a(T)

Inds’F (1)



REDUCTIVE GROUPS OVER FINITE FIELDS 159

and the same proof as above gives (10.7.7), (10.7.8).
We now show that (10.6) can be applied with M = I'; or A;. We have

1

(Agy Ay = o (| Z7| q')* # {regular unipotents in G”}
=L (zrgy LS 271 (by 9.20) .
GT| | Z" | ¢!

The analogous identity (I';, s> = | Z7| ¢* follows from R. Steinberg ([14]).
Now, for any (T, 0), {A; R?)> equals the average value of the character of
R} on the regular unipotents in G hence equals 1, by (9.16).

We now prove that (I';, R7) = (—1)"“~°" for any (T, §). Using a result
of Rodier (cf. T. A. Springer, Caractéres de groupes de Chevalley finis, Sém.
Bourbaki 429, Fév. 1973) and the induction formula 8.2, we are reduced to
the case where T is not contained in any proper F-stable parabolic subgroup
of G. Using (10.3.1) and the already known fact that (A, R7) =1, we see
that it is enough to prove

(10.7.8) Indgi,,r Ty, B> =0, J~ 1.
(Note that in this case (—1)"® " = (—1)7l.) Assuming that the theorem is
already proved for groups of dimension strictly smaller than that of G and,
in particular, for L(J), we see from (10.7.5) and (8.2) that Ind%(,» (I';.,) is a
linear combination of terms of the form R}, with T'c P(J), FT' = T' so
that (10.7.8) follows from the orthogonality formula (6.8).

Now (10.7.1), (10.7.2), (10.7.5), (10.7.6) follow directly from (10.6) applied
to M =T, or A,;, except for an indeterminacy of sign. To remove this
indeterminacy of sign, we only have to check that the right hand sides of
(10.7.1) and (10.7.2) have strictly positive dimension; but they are both of
the form | G |/| S*T | up to a power of ¢, by the first part of the proof. The
theorem is proved.

COROLLARY 10.8. For any p € (G")”, the average value of the character
of o on the regular unipotents in G* equals 0, 1, or —1. This value is £1
if and only if o = p, for some x € S.

Indeed, this average value is just (o, Ay).

Remark 10.9. If we assume that p is a good prime for G, then all regular
unipotents in G7 fall in a single G7-conjugacy class so that the character of
© at any regular unipotent in G” equals 0, 1, or —1. This was first proved
in the article by J. A. Green, G. I. Lehrer, and G. Lusztig (On the degrees of
certain group characters, to appear in The Quarterly Journal of Mathematics).

ProPOSITION 10.10. Let x€ S. Let (T, 0) be a maximally split pair in x
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(see (5.17); (T, 0) is uniquely defined up to G¥-conjugacy by (5.18)). Then the
virtual representation (—1)*9 DR of G¥ can be represented by an actual
G"-module, in which p, and 0, occur with multiplicity 1.

By (5.23), there exists an F-stable parabolic subgroup P G such that
T is contained in some F-stable Levi subgroup L of P and (7, #) is non-
singular in L. L has connected centre, hence, by 5.20, (T, §) is non-degenerate
in L. Let R}, be the virtual representation corresponding to (7, §) with
respect to L (see 1.20). By 7.4,

(—1)”(L’“"(T’R”T,L — (_1)0(0)_0(T)R;)",L
is irreducible. By 8.2,
(_1)0(G)—0(T)Rg' — Indg? ((—1)“‘G’_”‘T)R3~,L)) ,

hence it can be realized as an actual G7-module.
It remains to observe that for any (T, 6) in x (not necessarily maximally
split) we have (by (10.7.1), (10.7.2), and (6.8)):

(oo BE = (=100,
(ol By = (=17

11. Suzuki and Ree groups

Our methods apply also to the Suzuki and Ree groups *B.(q), *G,(q), *F'(q)
(with ¢ an odd power of 12, resp. V'3,V 2).

These groups are the fixed point set of an exceptional isogeny F': G— G,
with G respectively of type B,, G, and F,, and F'* being the Frobenius
endomorphism relative to a rational structure over the field with ¢* elements
(R. Steinberg [15]). For the sake of induction, one should more generally
consider groups of the form G7’, with G reductive and F'’? the Frobenius.
endomorphism relative to a rational structure over F,. (¢ an odd power of
12 or 1V 3). Besides the Suzuki and Ree groups, this includes for instance
groups of the form G = G, x G, with F'(x, y) = (F'y, x); for such a group,
G" = GF.

All definitions and results in Chapter 1 can be given with F replaced by
F'’ throughout; in particular, for any F'’-stable maximal torus T in G and
any Borel subgroup B containing 7, the subscheme X,_; of X, and the G*'-
equivariant T7-torsor X ., over X, , are well-defined (1.17). Thus for any
e (TT')’, the virtual representation R}, of G is well-defined (1.20). For
G =G, x G, F'(x, y) = (Fy, x), this coincides with the similar representation
of GF = G™.

All the results in Chapters 4, 5, 9 (except (9.18), (9.19)), the disjointness
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Theorem 6.2 (with its Corollary 6.3), the results (7.13) and (8.2) continue to
be true. On the other hand, the proofs of the orthogonality relations (6.8),
(6.9), and of the dimension formula (7.1) require the assumption | 77| > 1.
If ¢ > 2 thisis automatically satisfied: | 77" | is of the form [] (¢ — p0.), where
0. =1, hence | T""| > J[ (¢ — 1). Thus, if we exclude the case where ¢
equals 12 or 13, all the results in Chapters 6, 7, 8, 10 hold, as well as
(9.18), (9.19). They can all be deduced from the orthogonality relations (6.8),
(6.9). Even in the case ¢ =12 or V'3, we can prove them for ®B, and ®G,,
but we cannot handle *F,(12).

ADDED IN PROOF (2" Dec. 1975). We can now handle *F,(1”2), too; this
will be considered by one of us, in a future article.

INsTITUT DES HAUTES ETUDES SCIENTIFIQUES, FRANCE
MATHEMATICS INSTITUTE, UNIVERSITY OF WARWICK, ENGLAND
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